Chapter 3*

1 Random Variables

In many situations we are not concerned directly with the outcome of an experiment,
but instead with some function of the outcome.

For example, when rolling two dice we are generally not interested in the separate
values of the dice, but instead we are concerned with the sum of the two dice.

Definition: A random wvariable X is a function from the sample space into the real
numbers, i.e., X : S — R.

A random variable that can take on at most a countable number of possible values is
said to be discrete.

Ezxample: Flip two coins. S = {TT,HT,TH, HH}. Let X be the “number of heads”.
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Thus, X is a random variable that takes values on {0, 1,2}; see Table 1 below.

We assign probabilities to random variables, e.g.,
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Table 1: Values of the r.v X

outcomes | value of X
TT 0
HT 1
TH 1
HH 2

Table 2: Values of the r.v X

outcomes | value of X
TT 0
HT 0
TH 0
HH 4

In general, for any £ C R, by P(X € E) we mean P({s € S : X(s) € E}).

X

Note that you could define any number of random variables on an experiment.

Example: In a game, which consists of flipping two coins, you start with 1 USD. On
each flip, if you get a H you double your current fortune, while you lose everything
if you get a T

Let X = your total fortune after two flips. Then, X is a random variable that takes
values on {0,4}; see Table 2. Thus,




When a probability has been specified on the sample space of an experiment, we can
determine probabilities associated with the possible values of each random variable X.
The probability in the sample space induces a probability on the set of real numbers.

Definition: The distribution of X is the collection of all probabilities of the form
P(X € C) for all sets C of real numbers such that {X € C'} is an event.

For a discrete random variable we define the probability mass function p : R — [0, 1]
of X, as
plx) =P(X =2)=P({s € S: X(s) =x}).

Note that random variables are often capitalized, while their values are often written
by lower-case letters.

If a discrete random variable X assumes the values x1, xs, x3,... then

(i) p(z;) >0fori=1,2,3,...
(ii) p(z) = 0 for all other values of x.

(i) > 5% plwi) = 1.

Ezxample: The binomial distribution with parameters n and p is the discrete probabil-
ity distribution of the number of successes in a sequence of n independent trials, each
asking a yes-no question, and each with its own binary outcome: ‘success’ (with prob-
ability p) or ‘failure’ (with probability 1 —p). Thus, the p.m.f of a random variable X
having the binomial distribution with parameters n and p, written as X ~ Bin(n, p),
is given by

p(k) = (Z)pk(l Pk for k=0,1,...,n. (1)

A single success/failure experiment (i.e., n = 1 in (1)) is also called a Bernoulli trial,
i.e., when n = 1, the binomial distribution is a Bernoulli distribution.

Ezxample: Independent trials that consist of flipping a coin that has probability p of
turning up heads, is performed until a head appears.

Let X = number of times the coin is flipped.

X is a discrete random variable that can take values in {1,2,3,4,...}. The outcomes
of the experiment can be represented as

{H,TH,TTH,TTTH, TTTTH, TTTTTH, TTTTTTH,...}.



Then,

P(X =1) P
P(X=2) = (1-pp
P(X=3) = (1-p)p

Remark 1.1 (Geometric distribution). The p.m.f of X described above defines a
geometric distribution which gives the probability that the first occurrence of success
requires k independent trials, for k = 1,2,..., where the trials are independent and
each trail has success probability p.

Example: The probability mass function of a random variable X is given by

L
p(7) = fori=0,1,2,... (2)

where L > 0 if given and c is a constant. Find

(a) The value of c.
(b) P(X =0).
(c) P(X > 2).

Solution: (a) Since > ;= p(i) = 1, we have

Since e = >~ z'/i!, we have that ce” = 1. So ¢ = e~* and hence p(i) = e‘L%.
(b) P(X =0) =p(0) = e XLO/0! = e L.
() PX>2)=1-P(X<2) = 1-P(X=0)-PX=1)—-P(X =2)

= 1-=p(0) =p(1) = p(2)
= l—-et—Lel - L% )2

Remark 1.2 (Poisson distribution). A random variable that has a p.m.f given by (2)
15 said to have a Poisson distribution with parameter L. It is usually used to model
the probability of a given number of events occurring in a fixed interval of time if these
events occur with a known constant mean rate and independently of the time since
the last event.



Table 3: Cumulative distribution function

b F(b)
(—00,0) | O

[0,1) 1/4

1,2) | 3/4
2, 00) 1

1.1 The Cumulative Distribution Function

So far we have studied the case of discrete random variables,; i.e., random variables
that take finitely or countably infinite many values. In this case, the p.m.f is an
effective way of summarizing the distribution of the random variable. We will see next
that it is not the case when we study the distribution of random variables that can
take uncountable number of values (e.g., height of an individual). In the following we
define another way of summarizing/expressing the distribution of a random variable
that will work well in both scenarios — when the random variable is discrete or can
take uncountable many values.

The cumulative distribution function (c.d.f) F': R — [0, 1] of the random variable X,
is a defined for all real numbers b, by

F(b) = P(X < b).

Relationship between p.m.f and c.d.f for discrete random variables:
F(b)=> p(x).
z<b

Ezample: Flip two coins. Let X = number of heads. Then p(0) = 1/4, p(1) =
1/2, p(2) = 1/4. Let F be the c.d.f of X. See Table 3 for a description of F.

[Draw the c.d.f!]

Thus, F'is a step function. Properties of the c.d.f:

(i) F(—o0) =lim; o F(x) =0 and F(oc0) = lim, o, F(z) = 1.
(ii) F(z) is a non-decreasing function of .

(iii) F(x) is right-continuous, i.e., lim, ,,4 F(z) = F(a).

How do we show (i)7



Theorem 1.1. Let Ay, Ao, ... be an infinite sequence of events such that A; C Ay C
. Then,
P(U2,A;) = lim P(A,).

n—oo

Proof. Let us define the sequence of events {B }, such that By = Ay, By = A{N As,
By=ASNAiNA;s, ..., B, =ANA5N...NAS_ N A,. Then B;’s are disjoint and
for every n > 1,

Thus,
P (U, A;) =P (UZ,B Z]P’
where the last equality follows from Axiom 3. Now, when A; C Ay C ..., then

A, =U A, = U B;, and thus

ZIIP’(BZ-) = JL@OEP(BZ') = lim P(4,).
O

Theorem 1.2. Let Ay, Ao, ... be an infinite sequence of events such that Ay D As D
. Then,
P(N2,A;) = lim P(A,).

n—oo

Proof. Consider the sequence AS, AS, ..., and apply Theorem 1.1. O

To prove (i) take a non-increasing sequence z,, — —o0. Note that {X < x;} D {X <
x3} D .... Then note that N2, {X < x;} = (). Thus, by Theorem 1.2,

lim F(z,) = hm IP’(X <z, =P0) =0.

n—o0

Ezxample: Independent trials that consist of flipping a coin that has probability p of
turning up heads, is performed until a head appears. Let X = number of times the
coin is flipped. What is the c.d.f of X7

X is a discrete random variable that can take on values in {1,2,3,4,...}. We also
know its p.m.f.

For b=1,2,3,..., we have

Fb)=P(X <b) = Zp(xzi)zzp(l_p)m
S j_ 1-(1-p)
= ;p(l—p) =PI A=) =1-(1-p)



0, fory <1

Then, F(y) =
en, F(y) {1_(1_p)b for b <y < (b+1).

It is important to note that all probability questions about a random variable X can
be answered in terms of the p.m.f or c.d.f: these are equivalent, and both contain all
the information we need.

For example, we may like to calculate P(a < X < b):
(X<t} = (X<ajUfa<X<h
P(X <b) = P(X <a)+Pla<X<b)
Pla<X <b) = P(X<b)—P(X <a)=F(@) — F(a).

In order to calculate P(X < b), we use
1 1 1

P(X <) :P(u;ol {X < b——}) — lim p(x gb——) ~ Jim F(b——) — F(b-).
n n—o00 n n—o0o n

where we have used the preceding result.

If we know the c.d.f we can calculate the p.d.f by
p)=PX =2)=P(X <z)-P(X <z)=F(z)— F(z—).

Example: The distribution function of the random variable X is given by

0, x <0
1/2 0<z<1
F(z)=142/3 1<xr<?2
11/12 2<z<3
1 3 <.

Draw the c.d.f F'. Compute

(a) P(X < 3)

(b) P(X = 1)

(c) P(X >1/2)
(d) P2 < X < 4)

Solution: (a) P(X < 3) = F(3—) = 11/12.

D PX=1)=P(X <1)-P(X <1)=F(1) - F(1-) =2/3 — 1/2 = 1/6.
(OPX>1/2)=1-P(X <1/2)=1—F(1/2) =1—1/2 =1/2.

(A PR<X<4)=F@4)-F2)=1-11/12=1/12.

7



1.2 Continuous Random Variables

Often there are random variables of interest whose possible values are not countable.

Ezxample: Let X be the lifetime of a battery. Then X takes values in the interval
[0,00) (all non-negative real numbers).

Ezample: Pick a number randomly in the interval (0, 1) so that it is just as likely to
take any value between 0 and 1. Call it X.

Intuition: Cannot assign positive probability to any real number, but can assign
probabilities to intervals.

The probability that a continuous random variable will assume any fixed value is zero.
There are an uncountable number of values that X can take, thus the probability of
X taking any particular value cannot exceed zero. Thus, the notion of a p.m.f is not
suitable to describe the distribution of a continuous random variable. Instead, we
proceed as follows.

Definition: A random variable X is called continuous if there exists a non-negative
function f : R — R, such that for any set B C R of real numbers

P(X € B) = /Bf(x)d:v.

The function f is called the probability density function (p.d.f) of X; sometimes
written fy (to highlight that it corresponds to the random variable X).

Compare this with the probability mass function. All probability statements about
X can be answered in terms of the p.d.f f, i.e.,

b
Pla < X <b) = / f(z)dx.
Note that

P(X € (—o00,00)) = /OO f(z)dz.

The density can be larger than one (in fact, it can be unbounded) — it just has to
integrate to one (compare with p.m.f’s, which has to be less than one).

Example: Suppose that X is a continuous random variable whose p.d.f is given by

f(x) = {0(41‘ —22%), for0<z<?2

0 otherwise.

(a) What is the value of C7



(b) Find P(X > 1).

Solution: (a) Since f is a p.d.f [*°_ f(z)dx = 1. Show that C' = 3/8.

(b) P(X > 1) = [* f(x)dz = ... =1/2.

Thus, for a continuous random variable X, we have P(X < z) = P(X < z). The
cumulative distribution function of X in this case is defined by

ﬂ@—PMENO—K%ﬂw@.

As before we can express probabilities in terms of the c.d.f:
b b a
P(aSXSb):/ f(x)dx:/ f(:z:)dx—/ f(z)dz = F(b) — F(a).

The relationship between the p.d.f and the c.d.f can also be expressed as

d
() = f(2).

Non-uniqueness of the p.d.f: The p.d.f can be changed at a finite number of points, or
even a certain infinite sequences of points, without changing the value of the integral
of the p.d.f over any subset A C R.

1.2.1 Uniform Distribution

A random variable is said to be wuniformly distributed over the interval (0,1) if its

p.d.f is given by
1 for0<zx<1,
-]

0 otherwise.

This is a valid density function, since f(z) >0 and [*_ f(z)dz = fol dr = 1.

The c.d.f is given by

Fa)= [ fody= [ dy=e
for z € (0,1). Thus,

0 forz<0
Flz)=<z for0<z<1
1 forxz>1.

9



[Draw p.d.f and c.d.f]
Intuition: X is just as likely to take any value between 0 and 1.
For any 0 <a <b< 1,P(a§X§b):fabf(x)dx:b—a.

The probability that X is in any particular subinterval of (0,1) equals the length of
the interval.

Ezample: X is uniformly distributed over (0, 1). Calculate P(X < 0.3).

In general, a random variable is said to be uniformly distributed over the interval
(o, B) if its p.d.f is given by

f(x):{% fora<x<f

0 otherwise.

The c.d.f is given by

0 forzx <
Flz) =44 fora<z<p
1 for x > (.

1.2.2 Normal Distribution

A normal distribution or Gaussian distribution is a type of continuous probability
distribution for a real-valued random variable. The general form of its probability
density function is

1 _(e=w?

) = e 202 , fOI' xr € R.
f(z) s

The parameter p is the mean or expectation of the distribution (and also its median
and mode), while the parameter o2 is the variance. The standard deviation of the
distribution is ¢. Normal distributions are important in statistics and are often
used in the natural and social sciences to represent real-valued random variables
whose distributions are not known. Their importance is partly due to the central
limat theorem, which we will learn later in this course. Physical quantities that are
expected to be the sum of many independent processes (such as measurement errors)
often have distributions that are nearly normal.

1.2.3 Quantile function

Let X be a random variable with c.d.f F. For each p € (0, 1), define

F(p) = inf{z : F(z) > p},

10



where ‘inf’ denotes the infimum of the set. Then F~(p) is called the p-quantile of X
or the 100p percentile of X.

The function F~': (0,1) — R is called the quantile function.

Ezxample: Standardized test scores: Many universities in the US rely on standardized
test scores as part of their admission process.

When the c¢.d.f of a random variable X is continuous and one-to-one over the whole set
of possible values of X, the inverse F'~! of I exists and equals the quantile function
of X.

Median: The 0.5-quantile or the 50th percentile of a distribution is called its median.

1.3 Jointly distributed random variables

So far we have dealt with one random variable at a time. Often it is interesting to
work with several random variables at once.

Definition: An n-dimensional random vector is a function from a sample space S
into R".

For a two-dimensional (or bivariate) random vector, each point in the sample space
is associated with a point on the plane.

Ezxample: Roll two dice. Let X = sum of the dice, and Y = the absolute value of the
difference of the two dice.

Solution: S ={(i,j) :4,j =1,...,6}. S consists of 36 points. X takes values from 2
to 12. Y takes values between 0 and 5.

For the sample point: (1,1), X =2 and Y = 0; for (1,2), X =3 and Y =1, etc.

The random vector above is an example of a discrete random vector. In the following
we study the distribution of a random vector.

Definition: If (X,Y) is a random vector then the joint cumulative distribution func-
tion Fyy of (X,Y") is defined by

Fxy(a,b) =P(X <a,Y <), for a,b € R.

11



The function Fxy has the following properties:

Fxy(oo,00) = a_)liglﬁooIP(X <a,Y <bh) =1
Fxy(—o00,b) = ali)r_noolP’(X <a,Y<b)=0
Fxy(a,—oc0) = bEEnOO]P)(X <a,Y <b)=0
Fyv(e,0) = lim B(X <a,Y <b) = B(X < a) = Fy(a)
Fxy(o0,b) = alggoP(X <a,Y <b) =P <b) = Fy(b).

Fx and Fy are called the marginal distributions of X and Y, respectively.

All joint probability statements about X and Y can be answered in terms of their
joint distribution function.

For a; < ay and b < bg,

IP’(al < X < CLQ,bl <Y < bQ) = F(ag,bg> — F(ag,bl) — F(al,bg) + F(al,bl).

Definition: If X and Y are both discrete random variables, we define the joint
probability mass function of X and Y by

pxy(a,b) =P(X =a,Y =0), for a,b € R.

The probability mass function of X can be obtained from pxy by
px(x) =P(X =)= > p(x,y).
y:p(z,y)>0

Similarly, we can obtain the p.m.f of Y by

pry) =PY =y)= > plz,y).

z:p(z,y)>0

Example: Suppose two balls are chosen from a box containing 3 white, 2 red and 5
blue balls. Let X= the number of white balls chosen, and Y= the number of blue
balls chosen. Find the joint p.m.f of X and Y. Also, find the p.m.f of X.

12



Solution: Both X and Y takes values in {0, 1,2}. Note that,

p(0,0) = @/ 120) -
- (002
w2 = (5)(5) -1
o - OO/
n = ()0)(5) -5
p(1,2) = 0

o -2
p2,1) = 0

p(2,2) = 0.

Show that X takes the values 0,1,2 with probabilities 21/45, 21/45 and 3/45, respec-
tively.

Note that if (X, Xs,...,X,) is an n-dimensional discrete random vector, we can
define probability distributions in exactly the same manner as in the 2-D case.

Definition: A random vector (X,Y") is called a continuous random vector if, for any
set C' C R? the following holds:

P(X,Y)e ()= /Cf(a:,y)dxdy

for some non-negative function f : R> — R.

The function f(x,y) is called the joint probability density function of (X,Y).

13



Bivariate Normal
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The joint cumulative distribution function F' of (X,Y’) can then be expressed as

a b
F(a,b):IP’(Xga,ng):/ / f(z,y) dy dz, for a,b € R.
Then the following relationship holds:

82

The p.d.f fx of X can be obtained from f(z,y) as

fx(x) = / " )y,

Similarly, we can obtain the p.d.f of Y by

frly) = / " fla,y)de.

Ezxample. The joint density function of X and Y is given by

2e %2 for 0 <z <o00,0<y<oo
flz,y) = .
0 otherwise.

Compute:

14



(a) P(X >1,Y <1).
(b) P(X <Y).
(c) P(X < a).

Solution: Show that P(X > 1,V < 1) =e (1 —

e ).

P(X <Y) = // 2e7" 2ydﬂly_/ / 277 2yolxdy—/ 2% [—e"”]gdy
1
= / 2e (1 — e V)dy = / 2e"Hdy —/ 2e7% =
0 0 0 3

Show that for a > 0, P(X <a)=1—e""

)

Example: The joint density function of X and Y is given by

e~@H) for0<x < 00,0 <y <00
f(x,y) = .
0 otherwise.

Find the density function of the random variable X/Y".

Solution:

ay
Fyyy(a) = P(X/Y <a)=P // “y)d:cdy—/ / e~ @t drdy
r<ay 0
_ OO,y ,zayd: 1_ aydzl_ .
/Oewoy/o ey =1

Hence, fx/y(a) = %Fx/y(a) = (1+ e for 0 < a < oo.

1.4 Independent random variables

Definition: Two random variables X and Y are said to be independent if for any
two sets of real numbers A and B,

P(X €AY eB)=P(X € A)PY € B).
If X and Y are discrete, then they are independent if and only if

pxy(7,y) = px(z)py(y) forall z,y € R,

where px and py are the marginal p.m.f’s of X and Y respectively.

15



Interpretation: Note the close resemblance between independence of random variables
and events. Suppose that X and Y have a discrete joint distribution. If for each y
learning that Y = y does not change any of the probabilities of the events { X = z}, we
would like to say that X and Y are independent. Indeed, if X and Y are independent
then for y such that P(Y = y) > 0, we have

PX =x|Y =y)=P(X =2),

for every z, i.e., learning about the value of Y does not change any of the probabilities
associated with X.

Similarly, if X and Y are continuous, they are independent if and only if

fxy(z,y) = fx(z) fy(y) forall z,y € R.

If you are given the joint p.d.f of the random variables X and Y, you can determine
whether or not they are independent by calculating the marginal p.d.f’s of X and Y
and determining whether or not the above relationship holds.

Proposition: Suppose that (X,Y) have a joint p.d.f fxy. Then the continuous
random variables X and Y are independent if and only if their joint p.d.f can be
expressed as

fXY(Iay) = h(]})g(y), for T,y € R7 (3)

for some non-negative functions h and g.

The same result holds for discrete random variables.

Proof. X and Y independent implies that fxy(z,y) = h(z)g(y), for z,y € R where
we can take h = fx and g = fy.

Now, suppose that (3) holds for some h,g. Define C = [* h(z)dz and D =
[ 9(y)dy. Then

CD = / / dy—// dxdy—/ / Fxy (2, y)dedy = 1.

Furthermore,
fe@) = [ vty = [ n@gt)dy = )
frly) = ) fxy(x,y)dmz/oo h(z)g(y)dz = g(y)C

Hence fx(z)fy(y) = h(z)Dg(y)C = h(z)g(y) = fxy(z,y) and thus X and Y are
independent. O

16



Indicator function:
1 ifa<z<d
0 otherwise.

Ezample: The joint p.d.f of (X,Y) is

) 6e 2%e™3  for 0 <z < 00,0 <y < oo
x? - .
Y 0 otherwise.
Are X and Y independent?
Solution: Note that
f@,y) = 66 Ijg o) (z)e™ L0,00) (y) = h(x)g(y),

where we take h(z) = 6e "I (g o0\ (z) and g(y) = e I )(y). Thus, X and Y are
independent.

Ezample: The joint p.d.f of (X,Y) is

2y for0<z<l,0<y<l0<zrz+y<l1
flz,y) = .
0 otherwise.

Are X and Y independent?

Solution: Note that f(x,y) = 24xy Lo1)(2)I01)(y) 01 (2 +y). Thus, X and Y are
not independent.

Example: A man and woman decide to meet at a certain location. If each person
independently arrives at a time uniformly distributed between 2 and 3 PM, find the
probability that the man arrives at least 10 minutes before the woman.

Solution: Let X = # minutes past 2 the man arrives, and let ¥ = # minutes past
2 the woman arrives. X and Y are independent random variables each uniformly
distributed over (0,60). We want to find the probability P(X + 10 < Y).

60 ry=10 7 1 \ 2
PIX+10<Y)= // f(z,y)dzdy = / / (—) dxdy
2+410<y o Jo 60
60 2

_ (6_10>2/10 (y — 10)dy = (%)21[_ _ 10y] “ 1250

2 o 3600

17



1.4.1 Sums of Independent Random Variables

It is often important to calculate the distribution of X + Y when X and Y are
independent.

Theorem 1.3. If X and Y are independent continuous random variables with p.d.f’s
fx and fy then the p.d.fof Z =X +Y is

f2(z) = / "z — ) i ()dy.

Proof. Observe that

Fi(s) = P(Z<2)=P(X+Y <2)= / _ Ix@ oy
- [ ( /- fx<:c>d:c) oty = [ Fx(a = vl
d

) =5 [ Extemiivty = [ LEcGn iy = [ G e

Now,

]

Convolution: f is usually denoted as the convolution of fx and fy and represented

as fz = fx* fy.

Ezample: X and Y are independent uniform r.v.’s on [0, 1]. What is the distribution
of Z=X+Y7

Solution: fz(z) = 7o fx(z—=y)fyW)dy = [72 Lo (z — y) o1 (y)dy = fol Ty (2 —
y)dy = (1 — ]z —1]).

Note that we started with two discontinuous functions fx and fy and ended up with
a continuous function f.

In general, convolution is a smoothing operation: if h = f % g, then h is at least as
differentiable as f or g.

1.5 Conditional Probability

Often when two random variables, (X,Y"), are observed, their values are related.
Ezrample: Let X= a person’s height, and Y= the person’s weight.

If we are told that X = 73 inches the likelihood that Y > 200 pounds is greater then
if we are told that X = 41 inches.

18



1.5.1 Discrete case

Suppose that (X,Y) is a jointly distributed discrete random vector. Given that
Y =y, X still has a distribution, which is called the conditional distribution of X
given Y =y.

Definition: Let X and Y be discrete random variables, with joint a p.m.f. pxy(:,-)
and marginal p.m.f’s px(-) and py(-). For any y such that P(Y = y) > 0, the
conditional probability mass function of X given Y =y, pxy (- | y), is defined by

]P)(X - [IZ’,Y - y) o PXY(%?J)

pxy (e |y) =P(X =2]Y =y) = PY =y)  pv(y)

Similarly, the conditional mass function of Y given X = z, written py|x(- | x), is
defined by

P(X =2,Y =y) _ pxy (2, y)

prix(yl @) =P =y | X =2) = =5 px ()

Note that for each y, pxy (- | y) is a valid p.m.f over z, i.e.,

e pxy(z|y) >0 for every x,

o > pxy(@ly) =3, ’”;‘;E”;;y) = pyl(y) > pxy(T,y) = pyl(y)pY(y) = 1.

If X and Y are independent then the following relationship holds:

_ bxv(wy) _px@)pvly) _
pxy (x| y) = P P E— = px ().

Definition: The conditional distribution function of X given Y = y, written as
Fxiy (- | y), is defined by

Fyy(z|y) =P(X <z |Y =y)
for any y such that P(Y =y) > 0.
Ezample: Suppose the joint p.m.f of (X,Y) is given by
p(0,0) =04, p(0,1)=02, p(1,0)=01, p(1,1)=0.3.

Calculate the conditional p.m.f of X, given that ¥ = 1, i.e., find pxjy(z | 1), for
x=0and 1.
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1.5.2 Continuous case

Definition: Let X and Y be continuous random variables with joint density fxy (-, ")
and marginal p.d.f’s fx(:) and fy(:). For any y such that fy(y) > 0, the conditional
p.d.fof X given Y =y, written fxy(-|y), is defined by

o Ixy(z,y)

Similarly, the conditional p.d.f of Y given X = z, written fy|x(- | x), is defined by

fxy(z,y)
T = ————.

fY|X(y’ ) fX(x>
Note that fxy(-|y) is a valid p.d.f. (Verify at home)

If X and Y are independent then the following relationship holds:

fxy(ﬂi,y) _ fX(iU)fY(y)
fr () fr ()

fxyw (@ y) = = [x(x).

Ezercise: Suppose (X,Y') has joint density

Loty 2?2 <y<1,
flr,y) =41 .
0 otherwise.

Compute fxjy(z|y) and P(X > Y | Y =y).

Solution: We first show that fy(y) = 1y>/2, for y € [0,1], and fy(y) = 0 otherwise.
Then,

3 5 _
fXIY(x ly) = §x2y 3/27

where —,/y <z < ,/y. Note that

POC2Y Y =9) = [ fovle e = 51— 02)

1.6 The Distribution of a Function of a Random Variable

Often we know the probability distribution of a random variable and are interested
in determining the distribution of some function of it.
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In the discrete case, this is pretty straightforward. Let us say g sends X to one of m
possible discrete values. (Note that g(X) must be discrete whenever X is). To get
pg(y), the p.m.f of g(X) at y, we just look at the p.m.f at any values of X that g
mapped to y. More mathematically,

pe) = > px(x).
zeg~'(y)
Here the “inverse image” g7 '(A) = {x : g(x) € A}.
Things are slightly more subtle in the continuous case.

Example: Tf X is a continuous random variable with probability density fx, then the
distribution of Y = ¢X, ¢ > 0, is obtained as follows: For y € R,

Fy(y) =P(Y <y) =P(cX <y) =P(X <y/c) = Fx(y/c).

Differentiation yields:

d

fww=@ﬂww=§&@)

Where did this extra factor of 1/¢ come from? We have stretched out the z-axis by a
factor of ¢, which means that we have to divide everything by c¢ to make sure that fy
integrates to one. (This is similar to the usual change-of-variables trick for integrals
from calculus.)

Example: Tf X is a continuous random variable with probability density fx, then the
distribution of Y = X? is obtained as follows: For y > 0,

Fy(y) =P(Y <y) =P(X* <y) =P(—y < X <y) = Fx(\/y) — Fx(—v).
Differentiation yields:

fY(y):_\/—fX(\/_) —\/—fx( \/_) \/—

Theorem 1.4. Let X be a continuous random variable having probability density
function fx. Suppose that g(X) is a strictly monotone (increasing or decreasing),
differentiable function of x. Then the random variable Y = g(X) has a probability
density function given by

d -1

-1 - of y = g(x) for some x
ﬁ@ﬁz{h@ )| W] iy =g f
0 if y # g(x) for all x,

s Ux(VY) + fx(=v)}-

where g~ (y) is defined to be equal to that value of x such that g(z) = y.
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Proof. 1f g is increasing,

Fy(y) =P(Y <y) =P(9(X) <y) =P(X < g '(y) = Fx(g7'(v))-

Thus,
d d d

fr(y) = d—yFy(y) = d—ny(g”(y)) = fx(g7'(v)) @g”(y)-

If ¢ is decreasing,

Fy(y) =P(Y <y) =P(g(X) <y) =P(X > g '(y) =1 - Fx(g'(y))
Thus,

d d

fry) = —Fy(y) = d—y[l — Fx(¢7' )] = —fx (g7 (®) —9~ ' ().

Ezxample: Let X be a continuous non-negative random variable with density function
f,and let Y = X™. Find fy, the probability density function of Y.

Solution: In this case g(z) = 2", so g~'(y) = y*/". Then, diyg—l(y) — %yl/n—l,

Hence, fy(y) = fx(97'(y))

L7 W) = Ty ).

More generally, if g is non-monotonic, we have to form a sum over all of the points x
such that g(z) =y, that is,
d —1

foly) = {zwm Ix(g™ W) |49 .
0 if y # g(x) for all z,

(Q(ﬁ))‘ if y = g(x) for some x

Compare this with the example Y = X? above.

1.6.1 The probability integral transform

Let X be a continuous random variable with c.d.f F' and let Y = F(X). This
transformation from X to Y is called the probability integral transformation.

Theorem 1.5. The distribution of Y is uniform on the interval [0, 1].

Proof. As F(X) € [0, 1], we must have P(Y < 0) =0 =P(Y > 1). Suppose that F is
strictly increasing. Then,

P(Y <u) =P(F(X) <u) =P(X < F(w) = F(F'(u)) = u

The proof for the general case is given in the text book. O
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Corollary 1.6. Let Y have a uniform distribution on the interval [0,1], and let F be
a continuous c.d.f with quantile function F~1. Then X = F~1(Y) has c.d.f F.

Ezample: Suppose that we want to generate a random variable Y with p.d.f f(z) =
e "I(0 <z < 00).

Solution: Show that the c.d.f F' of Y is given by

Fla) = 1—e™® forxz >0,
0 for x <0.

Then, F~': (0,1) — R is defined as

F~(u) = —log(1 — u) for u € (0,1).

Thus, if we have access to a random variable Ydrawn uniformly in the interval (0, 1),
then F~1(Y) is a random variable that has F as its c.d.f.

1.7 Joint Probability Distribution of Functions of Random
Variables

Let X7 and X, be continuous random variables with joint density fx, x,(,-). As-
sume that there is a subset S C R? such that P((X, X2) € S) = 1. Suppose that
Y1 = 1(X4, Xy) and Yy = ¢o(X7, X3) for some functions g; and g which satisfy the
following conditions:

(1) The equations y; = g1(x1,22) and ys = go(21, x2) can be uniquely solved for z;
and x5 (in S) in terms of y; and yo with solutions given by x1 = hi(y1,y2) and
Ty = ha(y1,y2)-

(2) The functions g; and go have continuous partial derivatives at all points (x1, z3) €
S and are such that:

Sﬂ Sﬂ 091 0ga  0g2 Ogn
J = |50 Ggi| = - # 0,
9z, Oxo 8x1 8%2 8951 81’2

holds at all points (z1,22) € S. Let T = (g1,92)(S) C R? be the image of
(91, 92)-

Under these conditions the random variables Y; and Y, have the following joint p.d.f:

Sviva (1, v2) = Fxixa (ha(yr,92), ha(yr, 2)) 1T (ha (y1, w2), o (yr )™ (g1 12) € T
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Ezxample: Let X and X5 be continuous distributed random variables with joint den-
sity fx,x,(+, ). Let Y] = X7 4+ X5 and Y5 = X; — X5. Find the joint p.d.f of (Y7, Y5).

Solution: Let y3 = g1(x1,22) = o1 + 29 and yo = ¢o(x1,22) = 21 — 2. Then,

1 1
J(r1,29) = 1 1= —2. Now, 21 = hi(y1,92) = (y1 + v2)/2 and x5 = he(y1,92) =

(yl — yg)/Q ThU.S,

1 Y1+Y2 Y1 — Y2
Tyvive (Y1, 12) = §fX1X2 ( :

2 72
Assume that X; and X, are independent Uniform(0, 1) random variables. Then,

1 + - 1
Fyiva (Y1, 92) = éfxl (yl 5 y2) fxo (yl 5 y2) = 51(0 <yr1ty2 <2)I(0 < y1—y2 < 2).

Ezample: Suppose that (X7, X5) has the joint density
fxix, (21, 29) = Ae ™1 Ae ™2 (21 > 0,29 > 0).

Let (V1,Y2) = (g1(X1, X2), 92(X1, X3)) = (X1 + X5, v24). Find the joint p.d.f of

Solution: Let S = {(z1,22) : 1 > 0,29 > 0}. Observe that (Y1,Y2) takes values in
T ={(y1,92) : y1 > 0,42 € (0,1)}. Computing the partial derivatives of g we have,

991 _ 4 992
3x1 ’ 8x1 (1’1 +ZE2)2,
and
T
8132 ’ al’g (131 + I2)2 .

Thus, the functions g; and g, have continuous partial derivatives at all points (x1, x2);
also ¢ is clearly a one-to-one function on S. Furthermore,

1
= >0
T+ X2

T+ X9
(.CCl -+ 513'2)2

J(1,29) = '—

for every (x1,z5) € S.

The inverse transformation is

hi(y, y2) = yive,  ha(y1,92) = y1 — Y1ye.
Thus the density of (Y1, Y2) at the point (y1,y2) is
Frwive) = Fxxe(Pi(yi, v2), ha(yr, y2)) I (ha(y1, y2), ha(yr, )]~
N2 A ry2)the(1v2) | By (4 o) + By (1, 12)]
= Ne Wiy,.

Thus, we know that Y] and Y, are independent and that Y has the uniform distri-
bution on (0,1).
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Theorem 1.7. (Multivariate transformation) Let (X1, Xo, ..., X,) have a continuous
joint distribution for which the joint pd.f if f. Assume that there is a subset S C R"
such that P((X1,...,X,) € S) = 1. Define n new random variables Y1,Ys, ..., Y, as
follows:

Yi = Tl(le- .. ,Xn),

)/2 = T’Q(Xl,...7Xn),

Y, = m(Xy, ..., X)),

where we assume that the n functions ri,rs, ..., 1, define one-to-one differentiable
transformations of S onto a subset T' C R™. Let the inverse of this transformation be
gien as follows:

r = Sl(yla"'vyn)a
To = 82(y17"'7yn)7

Tn = Sn(yh R >yn)

Then the joint p.d.fg of (Y1,...,Y,) aty = (y1,...,Yyn) 1S given by

91y, yn) = {f(sl(Y), sy I(Y)| fory €T,

0 otherwise,
051 91
oyr "7 Oyn
where J(y) = | : : | is the determinant at'y.
Osn Osn.
Oyr "7 Oyn
Theorem 1.8. (Linear transformations) Let X = (X1, X, ..., X,,) have a continuous

joint distribution for which the joint p.d.fis f. Define Y = (Y1,Ya,...,Y,) by
Y = AX,
where A is a nonsingular n X n matriz. Then Y has a continuous joint distribution

with p.d.f

-1

o) = T /ATy fory e R

where A™1 is the inverse of A.

1.8 Maximum and minimum of a random sample

Suppose that X, Xs, ..., X, form a random sample of size n from a distribution for
which the p.d.f is f(-) and the c.d.f is F/(-). The largest value Y, and the smallest
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value Y] in the random sample are defined as:
Y, = max{Xi,...,X,}
Y1 = min{Xy,..., X, }.
In the following we find the distributions of Y;, and Y;.

Let Y, ~ G, (i.e., G, is the c.d.f of Y},) and let g, be its p.d.f. For any y € R,
Goly) = PY,<y)=PX;<y,....,X, <y)
= P(Xy<y) P(Xo<y)---P(X, <)
= F(y)-F(y)---Fy) = [F(y)",
where the third equality follows from the fact that the X;’s are independent and the

fourth follows from the fact that X;’s all have the same c.d.f F. Now, g, can be
determined by differentiating the c.d.f G,,. Thus, for y € R,

LR = [P ).

In(y) = d_y

Let Y7 ~ GGy and let gy be its p.d.f. For any y € R,
Gily) = PYi<y)=1-PY1>y)
= 1-PX;>vy,....,X,, > 9)
= 1-P(X; >y) -P(Xy>y)--P(Xy > )
1—[1=F(y)",
Now, g; can be determined by differentiating the c.d.f G;. Thus, for y € R,
g1(y) = n[l = F(y)" " f(y).

Exercise: Let X and Y be independent random variables, both uniformly distributed
on [0,1]. Let Z = min(X,Y’) be the smaller value of the two.

(a) Compute the density function of Z.

(b) Compute P(X <0.5| Z <0.5).

(c) Are X and Z independent?

Solution: (a) For z € [0, 1],
P(Z < z) =1—P(both X and Y are above z) =1 — (1 — 2)* = 2z — 2%,
so that fz(z) = 2(1 — z), for z € [0,1] and 0 otherwise.

(b) From (a), we conclude that P(Z < 0.5) = 2 and P(X < 0.5,Z < 0.5) = P(X <

1
0.5) = 3, so the answer is 2.

(¢c) No: Z < X.
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