
STAT GR5203 PROBABILITY
LECTURE

ProbabilityTheory mathematicallyencodeuncertainty
eg will it rain tomorrow There's a 50 chanceofit raining tomorrow

encodesouruncertaintyaboutwhetherit
will rain tomorrow

Howdowe makeThisrigorous
1 Classical interpretation everythingThatcanoccur is equally likelylimited
2 Long run interpretation what is thelongrun resultofconductingmanytrials
limited

3 This class axiomaticapproach

To introduceThese axioms we need todefine
Samplespace 12
Event

Wealsoneed some set theory 1.3

2 Samplespace event
DEF Anexperiment is a process where we can identify pi outcomeaheadoftime
Ex tossing a coin rollingadie usinga batterySleftx0leqxinftyrightSleft1ldots6rightSleftHTright

DEF Thesamplespace S is a set ofallpossibleoutcomesof anexperiment
Ex see above

G Ex Experiment is tossing two coins
S1HHHT TlefttTTright

Experiment it rolling two die
Sleftijright i1ldots6 and j1ldots6

begincasesleft11rightleft12rightldotsleft21rightleft22rightldotsendcasesddotsE
DEF Aneventv is a welldefined setofpossibleoutcomes i.e a subsetof S

t
ExExperiment is tossing two coins
Event it getting at least one head

EcsEleftHHHTTHright



Ex Experiment it rolling two die
Event is That the sumofThetwodie is leq3

Eleftleft11rightleft12rightleft21rightright
13SetTheory Consider two sets AB where AsubseteqS and BsubseteqS
SET OPERATIONS

1 Union AcupBxinSxinA OR xinB

B
A S

2 Intersection AcapBxinS xinA AND xinB
leftABright

3

B
A S

3 Complement AcxinSxnotinA

B
A S

SET RELATIONSHIPS
1 Containment A C B if xinARightarrowxinB
2 Disjointmutually exclusive A and B are disjoint ormutually
exclusive if AcapBphi

theempty set



y

BA

Example Experiment is selecting a cardrandomlyfroma 52carddeck
andwe lookat its suit

SleftCSPHDright
Example AleftCsprightBleftCDright EleftHright

AcupBleftCSpDrightAcapBleftCrightAcapEphiBcleftHSpright AB if xinARightarrowxinB
and xinBRightarrowxinA

Setlaws Consider Sett E FG
1 Commutativity EcupFFcup I equivEFFE EFEcapF
2 Associativity leftEcupFrightcupGEUleftFcupGright

leftEFrightGEleftFGright
3 Distributive leftEcupFrightGEGcupEF

leftEFrightcupGleftEcupGrightleftFcupGrightleftEcupGrightcapleftFcupGright
4 DeMorgan's laws leftEcapFrightcEccupFc

leftEcupFrightcEccapFc

MoreThantwoevents Consider events A1A2A3ldotsAn Canbeaninfinite
Collectionofevents

prod_i1nAixinSxinA 1 AND xinA2ldotsxinAn

cupi1nAixinSxinA OR xinA2ldotsxinAn
GeneralizedDemorgan's laws leftprod_i1nAirightcUi1nAiC

leftUi1nAirightccap_i1nAil
Axiomsofprobability Experiment with samplespaceS Assume PleftEright where
EsubseteqS is a well definedobject For all EsubseteqS

0leqmathbbRleftErightleq1
PleftSright1

Foranysequenceofdisjoint events E1E2 wehave that

PleftUi1inftyEirightsum_i1nPleftEiright



Factsabout PleftErightusingM axiomsPleftphiright0
Scphi
PleftSright1

PleftphirightPleftScright1PleftSright110

SScupphiRleftSrightRleftSrightPleftphiright
AB

Rightarrow11PleftphirightRightarrow0Rleftphiright
EsubseteqF means
EsubsetF OR EFIf EsubseteqF Then PleftErightleqRleftFright
ECF means
xinERightarrowxinF but
xinFneqxinE

GEcF FE
FEcupCF

E

leftA3rightRightarrowPleftFrightPleftEcupGrightPleftErightPleftEcFright
geq0leftA1right

geqPleftEright
Principleof inclusionandexclusion Wecan use CArceil CA3 toshowthefollowing
For EFsubseteqSPleftEcupFrightPleftErightPleftFrightPleftEcapFright
Proof HW F

E

IP EAF
PLEUFUG PleftErightmathbbRleftFrightPleft6rightPleftEFrightPleftE6rightPleftF6rightPleftEF6right
Ex Therearetwopossiblediseases bacterialinfection B

viral infection V
PleftBright07 PleftVright04PleftBcupVright1

PleftBcupVright1PleftBrightPleftVrightPleftBcapVright10704PleftBcapVrightRightarrowmathbbRleftBcapVright01
PleftBcapVright



Simplesample spaces sample spaceswherethenumber ofelementsisfinite
Theoutcomes are equally likely
Ex leftHTright

leftHHHTTHTTright
left123456right

Tossing coin
2 coins

Rolling a dice

ofoutcomeswith HH
total ofoutcomesEx Toss 2 coins PleftHHrightfrac14

mathbbDatleastone Hfrac34 fixity
geq1

RLonlyone Hfrac24 Intftp.omateitt Hfrac12
wewill introducecounting
techniques tocomputeThesePleftErightEne foreign

Counting Combinatorics
Basicrules ofCounting
1Sum rule If one task can bedone m ways

another task canbedone inways
and iftheycannotbedone at the sametime

total ofways todoboth Mtn ways

e.g 10 statisticsbooks and 5 math books
18 10 5 books to choosefrom

2 Multiplication rule If There are two successivetasks andThere are m
ways to dotask1 and n ways todo task2 Then
Thereare menways totask1 Thentask2

eg youhave 3 shirts and 2 pants Howmanyoutfits
2times3 s1P1

P1Sl s2P2 s3S2

P1P2 P2 S1
S3 S2

P1P2 S3
Vchoices
ni ways i1ldotsrThisgeneralizes n1timesn2timesldotstimesnr



Permutations Say wehave a set Alefta1a2a3ldotsanright
DEF Apermutation is an ordered arrangement of R elements dA

eg AleftCARright
RAC ARC ACR permutations of A

Howmanypermutations are there of A e.g 3

3times2times131
DEF Afactorial 1 is defined as follows foraninteger ngeq0

nntimesleftn1righttimesleftn2righttimesldotstimes1
Fact 01

Thenumberof permutations circf n elements ofG set isgivenby n1

What if we wanted toonlypermute someelements of A1

Say wehave a set Alefta1a2a3ldotsanright Howmanypermutations are thereofrleftrnright elements of A
eg Consider a group of 5 people Howmanyways are theretoselectaPresident VP and a secretary

P VP fracs

5times4times3frac525times4times321frac5left53right
Thenumberof permutationsof rleftrnright elementsfromasetof nelements is
givenby fracnleftnrright
e.g Consider a group of 5 people Howmanyways are theretoselectaPresident VI3 and a secretary if personAwillonlyserve ifthezare president

A serves frac1ptimesfrac4uptimesfrac3512
A doesnot serve frac4Ptimesfrac3VPtimesfrac2S24

122436


