
Examples of workingwithvariance and covariance
Suppose X1ldots Xn are iid withmean u and variance r2

EleftXirightmu VarleftXirightsigma2 foralliinleft1ldotsnright
a Consider thesamplemean overlineXfrac1ni1 sumnXi
Wefound that Eleftoverlinexrightmu and VarleftoverlineXrightfracsigma2n
b Consider the sample variance S2frac1n1sum_i1nleftXioverlineXright2

EleftS2rightIEleftfrac1n1sum_i1nleftXioverlineXright2right
leftx1overlinexright2coprodleftx2overlinexright2

Eleftleftxioverlinexright2right
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n EleftleftXimuright2rightfrac1n1sum_i1nVarleftXirightfrac1n1sum_i1nsigma2fracnn1sigma2
III frac1n1sum_i1nEleftleftmuoverlineXright2rightfrac1n1sum_i1nfracsigma2nfracsigma2n1

Eleftleftmuoverlinexright2rightEleftleftoverlinexmuright2rightEleftleftoverlinexEleftoverlinexrightright2rightvavleftoverlinexrightfracsigma2n
weshowed That Eleftoverlinexrightmu

frac2n1sum_i1n1EleftleftXimurightleftmuoverlineXrightright
frac2n11Eleftsum_i1nleftximurightleftmuoverlinexrightright
frac2n11Eleftleftmuoverlinexrightsum_i1nleftXimurightright
frac2nn11EleftleftmuoverlinexrightfracSigmaleftximurightnright
frac2nn1EleftleftoverlineXmurightfracSigmaleftximurightnright

frac2nn1EleftleftoverlineXmuright2rightfrac2nn1varleftoverlineXrightfrac2nn1cdotfracsigma2nfrac2sigma2n1

sum_i1nleftXimurightsum_i1nXisum_i1nmusum_nnnn

EleftS2rightIfracHfracpifracnn1sigma2frac2n1sigma2fracsigma2n1fracnsigma22sigma2sigma2n1fracleftn1rightsigma2n1sigma2
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Hatproblem Npeople throw their hats into Me center ef a room then each
person chooses one hat at random Xbackslashofpplwhogettheir own hat back
previously we showed that Eleftxright1 WedidThisbydefiningXi1 person igottheirown hat back

Don'tneedindependence ofXi sXsum_i1NXi
EleftXrightsum_E1nEleftXirightsum_i1NP person igottheirown hat back sum_i1Nfrac1N1

now want to calculate var leftxright

VarleftXrightvarleftsum_i1NXirightsum_i1NvarleftXiright2sum_ijcovleftXiXjright Because XinparallelXj
varleftXirightV arlcoprodperson igottheirown hat backEleftXi2rightEleftXiright2frac1Nfrac1N2fracN1N2
EleftxirightP personi gottheir own hat backfrac1N frompreviouslecture
IEleftX12rightI2RC person igottheir ownhatback
O2P person i their ownhatback frac1N

didnotget
if j

CovleftxixjrightEleftxixjrightEleftxirightEleftxjrightEleftxixjrightfrac1N2frac1NleftN1rightfrac1N2frac1N2leftN1right
nicefrac1N 1N

AcapBDeltaleftArightDeltaleftBrightXiXj1 personi hat back left
bigtriangleuprightperson hatback

coprodperson i hat back profline

personj hatback

EleftxixjrightleftErightleft1right personi hatbackproflineperson hatback
P person i hatback profline

person j hatbackneqmathbbRleftrightperson imathbbR person7
mathbbR person i hat back mathbbRperson hotbackpersoni hat back
frac1Ncdotfrac1N1

Putting it all together

VarleftXrightvarleftsum_i1NXirightsum_i1NvarleftXiright2sum_ijcovleftXiXjright

sum_i1NfracN1N22sum_ijfrac1N2leftN1rightfracN1NNleftN1rightcdotfrac1N2leftN1rightfracN1Nfrac1NfracN11N1N
2sum_ijsum_ineqjN2NNleftN1rightAll in pairs

where
ipairs sqrtsum_ineqjneqi

Sigma

isum_j1n1leftijrightleftlangle11rightrangle



Conditionalexpectation
DEF Suppose XandY are r vis The conditional expectation of X given Yy is

denotedby IEleftXYyright and is givenby the following

If XandY arediscrete then
IEleftXYyrightsum_xxPleftXxYyrightsum_xxpXYleftxyright

This is definedforallysuchthat PleftYyright0

PXYleftxyrightfracPXYleftxyrightPYleftyrightIf XandY arecontinuousThen
EleftXYyrightintxfXYleftxyrightdx

This is definedforall y s t fYleftyright0

fxyleftxyrightfracfxyleftxyrightfyleftyright
Note IE X Yy returns a numberfor each value ofy st Theconditionaldistisdefine

EEX leftYyrighthleftyright functionof y7
Wesay EleftXYrighthleftYright it m conditionalmeanof XgivenY

This is a randomvariable
Propertiescircf conditionalexpectation
LOTUS

EleftgleftxrightYyrightbegincasessum_xgleftxrightDXYleftxyrightIfXYintgleftxrightfXYleftxyrightdxIfXYendcases
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Linearity IEleftsum_i1nXiYyrightsum_i1nIEleftXiYyright
Lawoftotalexpectation lawoftotalvariance
Recall Lawof totalprob PleftArightPleftABrightPleftBrightPleftABrightPleftBCright
Tower rule
Lawof totalexpectation EleftXrightEleftIEleftXYrightright
Proof Assume X Y are discretecondexp.ir afunctionofy

LOTUS

wecanwrite hleftyrightEleftXYyrightEleftmathbbRleftXYrightrightElefthleftYrightrightsum_yhleftyrightPYleftyrighthleftYright

sum_yEleftXYyrightPYleftyrightsum_yleftsum_xxpXYleftxyrightrightpYleftyrightsum_ysum_xxfracPXYleftxyrightPYleftyrightcdotPYleftyrightsum_ysum_xxPXYleftxyright

Bydfof
conditional
exp



usuallycan
interchangeΣ

sum_xsum_yxpxyleftxyrightsum_xxsum_yPxyleftxyrightsum_xxpxleftxrightEleftxrightdefofmarginal
pmf

Lawof totalvariance If XandY are v vs
varleftYrightEleftVarleftYXrightrightvarleftIEleftYXrightright

Examplesproblems
Let N be a v.v that takesvalues in left123ldotsright and suppose EleftNrightinfty
Let x1x2ldots be a sequence of iid vv s Thatare independentof N
and are such that EleftXirightinfty Let Ysum_i1NXi

Becausethisrandom cannotapplylinearityrightawayWhat is EleftYright
EleftYrightEleftsum_i1NXirightneqsum_i1NEleftXiright

IleftEleftsum_i1NXiNnrightrightIEleftEleftsum_i1nXiNnrightrightEleftsum_i1NEleftXiNnrightright1Eleftsum_i1N1EleftXirightrightIleftNIEleftXirightrightEleftXirightEleftNright

fromconditioning

linearity of cond exp
Lindependence of N and x3

What is var Y We assume Van leftNrightinfty and var leftXirightinfty

varleftYrightEleftvavleftYNrightrightvarleftEleftYNrightright
I

I EleftYNrightNEleftXiright

IEleftYNnrightIEleftsum_i1NXiNnrightEleftsum_i1nXirightnEleftXiright
VarleftEleftYNrightrightVarleftNEleftXirightrightEleftXiright2VarleftNright

I varleftYNrightvavleftsum_i1NXiNright independence

sum_i1NVarleftXiNrightsum_i1NVarleftXirightNv a rleftXiright

IEleftvarleftYNrightrightIleftNvarleftXirightrightvarleftXirightmathbbREleftNright



VavleftYrightIpivarleftXirightEleftNrightEleftXiright2vavleftNright
A randompoint leftXYright is distributeduniformlyover thetriangle
leftxyrightxygeq0 xyleq1

a Find EleftYright by finding themarginaldistribution ofY
b Fina IEleftYright using towerproperty lawLf total expectationa Step 1 find thejointpdf

cdydx1intint_xygeq0xyleq1
1 Area frac12left1rightleft1rightfrac12Rightarrowintintleftxygeq0rightx4leqidxdyfrac12Rightarrowc2

fxyleftxyrightz lI leftxygeq0xyleq1right
l
1

Step 2 Find fYleftyrightint21leftxygeq0xyleq1rightdx
int_01ydx2left1yright definesfor 0y1 picture

IEleftYrightint_012yleft1yrightdyldotsfrac13
b ShowThat YXxsimUifleft01xright

Usecopyright to calculate EleftYXright
Usetowerproperty EleftYrightEleftIEleftYXrightright


