
ecture11Part Z Normaldistribution
DEF If X is a normal v.v with parameters u and

sigma2 then M pdfofX
isgivenby

for xinmathbbRfxleftxrightfrac1sqrt2pisigma2efrac12sigma2leftxmuright2
Comes up in Centrallimittheorem

mu
Note Thenormaldistribution is alsocalled the Gaussiandistribution

XsimNleftmusigma2rightFacts aboutThenormaldistribution
Mgf MXlefttrightEleftetxrightemutsigma2t22Proof Exercise

IEleftetxrightint_inftyinftyetxfrac1sqrt2pisigma2efrac12sigma2leftxmuright2dxfrac1sqrt2pir2int_inftyinftyefrac12sigma2leftxmuright2txdx Idea Complete
thesquare

Moments Eleftxrightmu and varleftXrightsigma2
Proof Eleftxrightint_inftyinftyxcdotfrac1sqrt2pisigma2efrac12sigma2leftxmuright2dx
lessannoying usemgf

leftEleftxrightfracddtMxlefttrightrightt0leftmusigma2trightemutsigma2t22t0mu0 1

varleftxrightIleftleftX1EleftXrightright2rightEleftX2rightEleftXright2EleftX2rightmu2sigma2mu2mu2sigma2leftEleftx2rightfracd2dt2Mxlefttrightrightt0ldotssigma2mu2
exercise

LinearcombinationsofNormal r.us
Suppose XsimNleftmu1sigma12right and that YsimNleftmu2sigma22right Xand Y are independent

aXbsimNleftamu1ba2sigma12right
Proof wanttocalculate fYleftyright where YaXb

First calculate FYleftyright
FYleftyrightPleftaXbleqyright
PleftxleqfracybarightFxleftfracybaright

fYleftyrightfracddyFYleftyrightfracddyFxleftfracybarightfxleftfracybarightcdotfracddyleftfracybarightfrac1afxleftfracybaright
RecallThat fxleftxrightfrac1sqrt2pisigma12efrac12sigma12leftxmu1right2
Exercise showthat frac1afxleftfracybaright correspondstothepdf afaNleftamu1ba2sigma12right



lefta1X1b1rightlefta2Yb2rightsimN I do thiswhenintroducing
bivariate normal

Standard Normal r v

If ZsimNleft01right then wesay Z followsthestandardnormaldistribution or we say
z is a standardnormal r v Z haspdf fzleftzrightfrac1sqrt2piefrac12z2
act uses lineartransformation of v.v If XsimNleftmusigma2right Then
fracxmusigmafracaz where ZsimNleft01right

Exercise show that EleftZright0 and vavleftzright1 usingmyfs
showthat Eleftfracxmusigmaright0 and VarleftfracXmusigmaright1 usemgfs
Show that fracxmusigmaz using mgfs

Need to show that mgtof fracxmusigma isequaltomgt of Z

Anotheruseful fact suppose we want to calculate FXleftxrightPleftXleqxright
PleftXleqxrightPleftfracxmusigmaleqfracxmusigmarightPleftZleqfracxmusigmarightPhileftfracxmusigmaright

ZsimNleft01right symbolforFz

Exercise Suppose XsimNleft39right Find
a Pleft2x5rightPhileftfrac23rightPhileftfrac13right

Pleftfrac233fracx33frac533rightPleftfrac13zfrac23rightPhileftfrac23rightPhileftfrac13right
b Rleftx0rightPleftfracx331right1Phileft1right
C Pleftleftx3right6rightPleftfracleftx3right32right

Pleftleftzright2rightPz2 or Z2
PleftZ2rightPleftZ2right
PleftZ2right1PleftZleq2right

2left1Phileft2rightright
Factabout standard Normals Let zgeq0

Then PhileftzrightRleftZleqzrightPleftZgeqzrightPleftZgeqzright1RleftZleqzright1Phileftzright
Since Z is symmetricaround 0 wealsohavethat zaz

0



Bivariate and Multivariatenormaldistributions withmean u and covariance
DEF If leftX1X2right have a bivariate normal distribution thepdf is givenbythefollowing Define XleftX1X2right

tailsdacayfxleftxrightleft2piright1detleftSigmarightnicefrac12efrac12leftxmurightTSigma1leftxmuright
leftx1x2right

Sigmaleftbeginmatrixsigma12rhorhosigma22endmatrixrightleftbeginmatrixvarleftx1rightcovleftx1x2rightcovleftx1x2rightvarleftx2rightendmatrixright
muleftbeginmatrixmu1mu2endmatrixrightleftbeginmatrixEleftX1rightEleftX2rightendmatrixright

Univariate normal mean uinmathbbR variance r20
covariancematrix SigmamathbbR2times2

positivedefinite
Covariancematrix suminmathbbRdtimes2

Bivariate normal mean muinmathbbR2
ddimensional mean uinmathbbRdmultivariate
normal positivedefinite

TI
leftharpoondown

F SigmainmathbbRdtimes2 is positivedefinite if forall xmathbbRd wehave

xTsumx0

Somefacts
Suppose leftxx2rightsimNleftu1Sigmaright Then X1X2LeftrightarrowcovleftX1X2right

sum_12sum_210
Remember 11 Cov0

Cov 0 1 ingeneral


