
Lecture 12
Recap on Gaussiandistribution
Wesaid if XsimNleftmusigma2right Then fleftxrightfrac1sqrt2pisigma2efrac12sigma2leftxmuright2
Wealso introduced ZsimNleft01right standardnormaldistribution
Weshowed that if XsimNleftmusigma2right Then fracXsqrtsigmasimNleft01right
This comes from M fact that aXbsimNleftamuba2sigma2right for abinmathbbR

In theabove afrac1sigmabfracNsigma
This is useful because

PleftxleqxrightPleftfracxmusigmaleqfracxmusigmarightPhileftfracxmusigmaright Cdfof Nleft01right
Moveto bivariatemultivariatenormal
Suppose Z and z2 are independent standardnormal f v S
DefineTheconstants mu1mu2inmathbbR sigma1sigma20 and Pinleft11right

expleftxrightequivex
Given This we willdefinetwonew t.v.si

X1sigma1Z1mu
X2sigma2leftrhoz1sqrt1q2z2rightmu2

Claim Thejointpdfof leftX1X2right is givenby

fleftx1x2right1_2pir1r2sqrt1p2expleftfrac12left1p2rightleftleftfracx1mu1sigma1right22rholeftfracx1mu1sigma1rightleftfracx2mu2sigma2rightleftfracx2mu2sigma2right2rightrightA
roof exercise use functions ofbivariate r v s
Note leftx1x2right follow a bivariatenormal distribution

Aswith univariatenormal distributions we use similarnotation
leftx1x2rightsimNleftmuSigmaright

this is 2times2 matrix
This is a 2times1 vector

In general suppose muleftbeginmatrixv1u2endmatrixright and Sigmaleftbeginmatrixsigma12sigma12sigma21sigma22endmatrixright wehave sigma12sigma21

and Xequivleftx1x2right with XNleftmuSigmaright Then
X1simNleftmu1sigma12right
X2simNleftmu2sigma22right

Notes on bivariate normal

EleftX1rightmu1ivavleftX1rightsigma12IEleftX2rightmu2varleftX2rightsigma22Corleftx1x2rightrho
Based on we have X1simNleftmu1sigma12right

X2simNleftmu2sigma22right
X1 and X2 are independent ifand only if rho0
RecellThat lDelta doesnotalwaysimply independenceexceptforThiscase



a1a2binmathbbR
If Ya1X1a2X2b Then YsimNa1mu1a2mu2ba12sigma12a22sigma222a1a2rhosigma1sigma2
Exercise
If x1 I x2 Then rho0 andthissimplifiesto Nlefta1mu1a2mu2ba12sigma12a22sigma22right
Exercise
You canshowusing functions of bivariate r v s

If XsimNleftmusigma2right Then Mxlefttrighteomegatfrac12gamma2t2Show this using mg f i

Ma1x1a2x2blefttrightEleftexpleftlefta1x1a2x2brighttrightright

IEleftexplefta1x1ta2x2tbtrightrightEleftexplefta1x1trightexplefta2x2trightexpleftbtrightrightIEleftexpleftlfloora1X1trightrfloorrightEleftexplefta2X2trightrightexpleftbtright
Y

Independence

Mx1leftatrightMx2lefta2trightexpleftbtrightexpleftmu1lefta1trightfracsigma222lefta1tright2rightexpleftmu2lefta2trightfracsigma22lefta2tright2rightexpleftbtrightexpleftlefta1mu1a2mu2brighttfract22lefta12sigma12a22sigma22rightright
This is themgf of Y where

YsimNlefta1mu1a2mu2ba12sigma12a22sigma22right

If leftx1x2right have M pdf in A Then

X2X1X1simNleftmu2rhosigma2leftfracx1mu1sigma1rightleft1pright2sigma22right
Proof exercise

Multivariatenormal
DET If Xleftx1ldotsx2right has a multivariatenormaldistribution withmeanmuinmathbbR
and covariance SigmainmathbbRdtimes2 then we write XsimNleftmuSigmaright andX has jointpaf

fleftxright1_left2pirightd2detleftSigmarightnicefrac12expleftfrac12leftxmurightTSigma1leftxmurightrightxmathbbRd
If d2 I recover bivariate normal with mean muleftbeginmatrixmu1mu2endmatrixright

Sigmaleftbeginmatrixsigma12covleftx1x2rightcovleftx2x1rightsigma22endmatrixrightleftbeginmatrixsigma12varphisigma1sigma2rhosigma1sigma2sigma22endmatrixright
recall rhofracleftovleftX1rightX2rightsigma1sigma2

Rightarrowcovleftx1x2rightrhosigma1sigma2



A2AAAAQTQ1RightarrowQQTI
Idempotent

and
Sigma is symmetric
capitallambda

Note Sigma is positivedefinite
forallxinmathbbR 7 x0 orthonorm

matrixby thespectraltheorem SigmaQTOmegaQ
orthonormalmatrix

diag leftlambda1ldotslambdadright
whereeigenvalues cfsum whichare allpositive

We can also write SigmaRRT for some R andwrite XRZmu where ZsimNleft0Iright
univariate analog if XsimNleftmusigma2right then fracxmusigmafracdz RsqrtSigma

sigmasqrtsigma2
XsigmaZmu

Linear transformations ofmultivariatenormals
If AinmathbbRmtimesa and binmathbbRm then YequivAXbNleftAmubASigmaATright AA

M variatenormal
univariateanalog if XsimNleftmusigma2right then aXbsimNleftamuba2sigma2right ASigmaAT

A2Sigma

In general let Xleftx1ldotsx2right be continuous withPdf f Define
YleftY1ldotsYdright where YAX for AinmathbbRntimesn Then the pdf ofY is given

by YAXRightarrowXA1Yfyleftyrightfrac1detleftArightfxleftA1yright for yinmathbbRn
detleftA1right

Wecan use this toverify or wecanuse mgfs
Thetheoremfor generaltransforms Ch3 lecturenotes

Stochasticconvergence
Goal we want to learnenoughconceptstools to prove
CLLN weak lawofLargeNumbers sampleaverage trueaverage inthelongrun
CGT Central Limittheorem sometransform of sampleaverage Normalforlargesamples

To start we'lldefinewhat I mean We'lldoso throughnotionsofstochastic
convergence We'llfocus ontwonotions

relevantfor LLNConvergence in probability
Convergence in distribution relevantfor CLT

Convergence in probability
Consider a collectionofriv's leftXnrightn1infty Wesay Xn converges inprobability to aconstant
cinmathbbR if for all t0 we have that Rleftleftxncrighttrightrightarrow0 as nrightarrowinfty

X1X2X3ldots

pShorthand forconvergence in prob xnrightarrowc
p

Equivalently xnrightarrowc if lim_nrightarrowinftyPleftleftxncrightleqtright1 for cut0



Nonrandom case anrightarrowa if atanat forall t0 and all nW forsomeN
Conv in prob ase xnrightarrowc if ctXnct forall t0 with highprobability
to seeThis lim_nrightarrowinftyPleftleftxncrightleqtright1 meansThat forarbitrary varepsilon0 thereexists

NequivNleftvarepsilonright suchThatfor all nN we have That

leftPleftleftxncrightleqtright1rightvarepsilon

Leftrightarrow1varepsilonPleftleftxncrightleqtright1varepsilonLeftrightarrow1varepsilonleqRleftctleqxnleqctright1varepsilonRightarrowPlefttleqxnleqtrightgeq1varepsilon
l
looks like X10000 X10SX100 X1000

m innow
et

m l l1c 1leftarrow c
pTHM Continuous mappingtheorem If xnrightarrowc and g is

continuousat c
then gleftxnrightfrac1Deltagleftcright

WeakLawofLargeNumbers
pim If X1ldotsXn are iid withfinitemean u and finitevariance52 Then we
have that frac1nsum_i1nXifracpDeltamufrac1nsum_iunXirightarrowmu mean forallin0existsNleftvarepsilonright such lambdaetleftoverlinexmurightvarepsilonforallnN

a
overlineX Pleftleftlim_nrightarrowinftyinftyoverlinexmurightright1 almost sure

roof Idea we want toshowThat
PleftleftoverlineXmurighttrightrightarrow0 forarbitrary t0

todo this we often Pleftleftoverlinexmurighttrightleq something rightarrow0 as nrightarrowinfty

Howdowe findsomething Therearemanyinequalities ofthisformMarkor's inequality
Chebyshev's
Chernoff's

Wewill use Chebyshev's inequality In general if x is a f v with
var leftxrightinfty then forany t0 wehave that

PleftleftXleftEleftXrightrighttrightleqfracvavleftXrightt2right



this iswhyweneedsigma2inftyWewant to apply Chebyshev to fracx

PleftleftoverlineXleftEleftoverlinexrightrighttrightleqfracvarleftoverlinexrightt2right IEleftoverlinexrightVarleftoverlineXrightfracsigma2n
then Pleftleftoverlinexmurighttrightleqfracsigma2nt2rightarrow0 as nrightarrowinfty

p
Consequenceof Chebyshev Ingeneral if youwant toshow thatYn y Then it is
sufficient toshowThat mathbbRleftYnrightrightarrowy

varleftYnrightrightarrow0


