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Intro toprobability Kolmogorov's axioms
Simplesamplespaces
Counting sum rule multiplication rule permutationswithoutrepeats
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Countingcont permutations w repeats combinations binomialmultinomialCoefficients
Conditional

probability
Lawoftotalprobability
Bayes rule hopefully

Tentative OH Mondays 5 30 6 30
Thursdays 4 5

Location TBD

Counting cont
Permutations ofways to order n elements of a set n1

ofways to order r of Those nelements fracnleftnrright
e.g Groupof 5people Howmanyways are thereto choose a

president VP and a secretary

fracP5times4times3frac5left53rightfrac5times4times32times12times1
fracVP overlines

Permutations w repeatedelements
eg Howmany permutations are there oftheword MOMn3

n12 frac321frac32
3 permutations ofthis setSupposetheelements are leftM1OM2right

M2M1OM1OM20M1M2M1M2OM1MLO0M2M1
frac32sigma

overcountingby thenumber
ofpermutations of M1 and M2

leftn1leqnrightleftn2leqnrightvdotsleftnrleqnright
Generally If asethas n elements and n1 are thesame

n2 are thesame

Rr are thesame
Thenthenumberof permutations is givenby n

n1n2times timesn r

g Howmanypermutations arethereof M word MISSISSIPPI 111
41412

l



n11n14n24n32n41
4s
41
2P
leftMright

Combinations number of unordered arrangementsof r elementsfromasetCf n
elements

eg Permutation 5 people selecting a Ps VP s
Combination 5 people selecting 3 boardmembers

frac52frac532
3 thenumberofwaystoorderthe 3selectedpeopleIn general The ofways to choose unordered r elementsfrom a setof n

OR permutations combinations Velements is fracnrl n r31
Combinations specialcase circf repeatpermutationse g boardmembers frac532 ofpermutationsof CCCNN

c chosen
N not chosen

Notation
fracnrleftnrrightequivleftbeginmatrixnrendmatrixrightequiv n choose r

binomialcoefficient

e g A personhas 8friends 5 ofwhomwill beinvited to aparty
a Howmany choices are there if 2 friendsare feudingand will notattend

Approach1 Approach 2

leftbeginmatrix85endmatrixrightleftbeginmatrix63endmatrixright
together
Scenario 1 neitherattends
Scenario 2 one feudingfriend attends leftbeginmatrix21endmatrixrighttimesleftbeginmatrix64endmatrixright
Total leftbeginmatrix65endmatrixrightleftbeginmatrix21endmatrixrightleftbeginmatrix64endmatrixright

leftbeginmatrix65endmatrixright

left2timesleftbeginmatrix6uendmatrixrightright
b Howmany choices are there if 2friendswillonlyattendtogether
Scenario 1 both attend together

Scenario 2 mitherattend beginmatrix65endmatrix

Total leftbeginmatrix63endmatrixrightleftbeginmatrix63endmatrixright

leftbeginmatrix63endmatrixright



Binomialand Multinomialcoefficients
Recall fracnrleftnrrightleftbeginmatrixnrendmatrixright Binomialcoefficient

Multinomial coefficient

beginmatrixnn1n2timesldotstimesnrleftbeginmatrixnn1n2ldotsnrendmatrixrightleftn1n2ldotsn2nrightendmatrix
eg 5 people choosing 3 board members

how todivideup J people into groups of 2 and 3
Binomialcase

leftbeginmatrix52endmatrixrightfrac523
e.g 10police officers choose 5 for patrolP MultinomialcaseO

R
2 for office
z reserve

of arrangementof PPPPPOORRR
5w_31 leftbeginmatrix10523endmatrixright

equivleftbeginmatrix105endmatrixrighttimesleftbeginmatrix52endmatrixrighttimesleftbeginmatrix33endmatrixright
Gmt 1
Cm
Cm3

g 20clubmembers choose 8 for
for
for

201
8 8 4284 leftbeginmatrix20884endmatrixright

Examples computingprobabilities bycounting
Twocards are chosenfrom adeck of 52

a Uparrow both cards are aces ofways tochoose 2 aces
ofwaystochoose 2cardsfroma52carddeck

leftbeginmatrix42endmatrixrightleftbeginmatrix522endmatrixright
b Pbothcards arespades fracleftbeginmatrix132endmatrixrightleftbeginmatrix522endmatrixright
5 cards are chosenfrom adeck circf 52 5card

P4 aces in a 5 card hand ofhandswhere 4cards areaces
varphi waystochoose 5cardsfrom 52

A AAA

48leftbeginmatrix525endmatrixrightleft48right
leftbeginmatrix44endmatrixrighttimesleftbeginmatrix481endmatrixright



AA A

leftbeginmatrix43endmatrixrightleftbeginmatrix482endmatrixright
4players AB CD each get 13 cards

PA gets 697 Bgets 48 Cgets 27 Dgets 1 G

A6C2B4D1nablabutwith
ofwaysto divideup 52cardsinto 4groupsofB

leftbeginmatrix136421endmatrixright11

leftbeginmatrix136endmatrixrightleftbeginmatrix74endmatrixrightleftbeginmatrix32endmatrixrightleftbeginmatrix11endmatrixrighttimesleftbeginmatrix39791112endmatrixright52leftB131313right
equivleftbeginmatrix5213endmatrixrightleftbeginmatrix3913endmatrixrightleftbeginmatrix2613endmatrixrightleftbeginmatrix2313endmatrixright

Need togoover thebirthdayproblem

Ch 2 Conditional
probability

Conditionalprob restrictsthesamplespace

What is the probabilityof B occurring giventhat Ahasoccurred

PleftBArightfracPleftABrightPleftArightleftarrowPleftAright0
given

SUnconditional prob

PleftBright
s

B BA

news
conditionalprob BAI
PleftBAright Areaof LambdacapB

Area of A



Examples
Suppose weflip 2 coins
onehead

Whatprobabilityof HH giventhatthere is at least

SleftHHHTTHTTrightgeqHleftHHHTTHright
PleftHHgeqHrightRleftHHcapgeqHrightRleftgeq1HrightfracPleftHHrightPleftgeqHrightfracnicefrac1434frac13

Using If AsubsetB Then PleftAcapBrightPleftAright

Suppose we roll a die

roll leq3left123right
nicefrac13

Uparrowrollbeingeven l roll leq3nicefrac13
11

mathbbD rollbeingeven caproll leq3frac1636IPLroll leq3

Afamilyhas 2 kids PleftBBgeq1Brightnicefrac13

PBB2Nn kid is a boyfrac12

SleftBBBGGBGGright2NDboyleftBBGBright
Factsabout conditionalprobs
By definition PleftBArightfracPleftABrightPleftArightRightarrowPleftABrightRleftBArightPleftAright

PleftABrightPleftBright

Lawof totalprobability condition and unconditionalprobs

conditionaland intersection

AleftAcapBrightcupleftAcapBCright
leftA3rightRightarrowPleftArightPleftABrightPleftABCright
RightarrowPleftArightPleftABrightPleftBrightPleftABCrightPleftBCright BcapBcphiBcupBCS

Theabove generalize to more than 2 events

events A1A2ldotsAn
PleftA1A2ldotsAnrightPleftA1rightPleftA2A1rightPleftA3A2A1righttimesldotstimesPleftAnA1ldotsAn1right

mutuallyexclusive
If B1ldotsBn aredisjointevents s t cupi1nBiS
Then PleftArightsum_i1nPleftABirightPleftBiright



Ddefectiveeg Afactory has 3 machines A B C
5
4
20

A makes defectives wp
B
C

Amakes 25 of theproducts
B 3590

4090C

IP selecting a defectiveproduct 028times005035times004040times002
PleftArightPleftDArightPleftBrightPleftDBrightRleftCrightRleftDCright


