
STAT5203 Lecture3
Admin
1 Mondayofficehours Before 6
2 HW2duedate 22NDor 24TH
3 Videos onbirthdayproblem and matchingproblem

Importantdates
Sept 15 HW due
Sept24 HW2due
Sept29 Midterm

Agenda
1 Recapon conditionalprobability lawoftotalprobability
2 Bayes rule
3 Independentevents
4 Randomvariables
5 Intro topdfsandCdfs

Recap Conditionalprob ABleqS
Conditionalprob

RleftAright0
Chainrule
mult ruleRightarrowPleftABrightPleftBArightPleftAright

RightarrowPleftBrightPleftBcapArightRleftBcapAaright
RleftBArightRleftArightPleftBAcrightPleftAcright

Lawoftotalprob

PleftBArightfracPleftABrightPleftAright

Today Bayes rule flipconditionalprobabilities
Setup Suppose wewant PleftBAright but weonlyknow PleftABrightPleftBrightldots

Bayes
rulePleftBArightfracPleftABrightPleftArightPleftABrightRleftBrightPleftABrightRleftABCrightPleftBrightPleftBrightPleftABCrightP

Example A labtest it 95 correct indetecting adiseasewhenit ispresent The
falsepositiverate it 1 If 0.5 ofthepopulationhasthedisease what
is theprobThatsomeone has thediseasegiven thattheytestpositive

D thepersonhasthedisease
P thepersontestspositive

095PleftPDright
001RP1 17
0005PleftDright RleftDright0995

RDIP PleftPDrightPleftDrightPleftPIPrightPleftDrightPleftPIDcrightPleftDaright095times0005P95times0005001timesleft10005right
with
probability



Example Astudent is taking amultiplechoiceexam Studentknowstheanswer up
P andtheyguesswip tp If thestudent guesses they gettheQuestion correct wp Ym m of choices

Suppose a student get theanswer correct What istheprobthatthey
guessed

A studentknowsanswer
B studentgetsanswer correct

General Bayes formula If F1ldotsFn aredisjoint and cupi1nFiS Then forsome
EsubseteqS

PleftFiErightsum_j1nPleftEFjrightRleftFjright IPLF prior probability
PFile posteriorprobability

Example Aplane is missing andhas beenassumed tohave crashed in
one of3 regions leftR1R2R3right each with equal probability AssumeThat
if theplanecrashed in R1 theprob offinding it is 08

What is ProbThattheplanecrashed in Rilefti123right if 12 searchof
R1 it unsuccessful

PleftRirightnicefrac13i123Ri plane it in region i
E region search was unsuccessful

PleftREright

beginmatrixPleftER1rightPleftR1right02timesfrac13sum_j13PleftEleftRjrightPleftRjright02timesfrac131timesfrac131timesfrac13frac111rightendmatrix
PleftR2ErightPleftR3Erightfrac511 exercise

PleftRirightnicefrac13nicefrac13nicefrac13 PleftRiErightnicefrac111nicefrac54i1i2i3 nicefrac511

Independent Events
DEF ABsubseteqS Aand B are independent if RleftABrightPleftArightPleftBright
Equivalently if PleftAright0PleftBright0 Then Aand B are indep If

PleftABrightPleftArightPleftBArightPleftBright
HW If AcapBphi lambdan R0 are not independent



Otherfacts suppose A B indep
then want toprove that PleftABCrightRleftArightRleftBCrightA BC indep

AC B indep
AC betaC indep

Independenceofmultipleevents A1A2ldotsAn
DEF A1A2ldotsAn are pairwiseindep if forallijinleft1ldotsnright if j

PleftAiAjrightRleftAirightPleftAjrightDEF A1A2ldotsAn aremutuallyindep if
forall subsetscircf events

Ai1Ai2ldotsAir2leqrleqn we have

PleftAiAi2ldotsAirrightPleftAirighttimesldotstimesPleftAirright
e g A1A2A3A4A8 Then PleftA1A2A3rightPleftA1rightPleftA2rightPleftA3right

PleftAA2rightRleftA1rightPleftA2right
RLA1A2A3A5PleftA1rightRleftA2rightPleftA3rightRleftA5rightvdots

Mutualindependence pairwiseindep

SHHHTT H TT

PleftHHrightfrac14 Iae
HHeg I 22ate

PleftHHrightRleftHrighttimesPleftHrightfrac12timesfrac12frac14
Repeatedindependent trials
e.g toss twocoins

2 trials
PleftHrightfrac12

eg Roll a dice 5 times What it m prob ofrolling a 5 exactly 2times

PleftEicrightfrac56Eiro 11 a5 on Riit trial PleftEirightfrac16

PleftE1E2E3cE4cE5crightPleftE1rightPleftE2rightPleftE3crightPleftE4crightPleftE5crightleftfrac16right2leftfrac56right3
55neq5neq5neq5

5neq5neq55neq5vdots
Rleft25sright ofwaystoget 25s in 5rolls timesleftfrac16right2leftfrac56right3

independent leftbeginmatrix52endmatrixright
success in trial 1

Ingeneral if we have NV trials and in each trial PleftEirightp
P 1 success leftbeginmatrixNkendmatrixrightpkleft1prightNk Binomialdistribution



Useful If A1ldotsAn areindep and PleftAirightpi
mathbbRL at least on Aioccurs 1P none of A1ldotsAn occur

1left1p1righttimesleft1p2righttimesldotstimesleft1pnright
Birthday
problem

e g
Uparrow m failuresbefore n success leftbeginmatrixmm1mendmatrixrightpnleft1prightm Negative

Binomial

Ch3 DeGroot Randomvariables distributions pmfpdf edfs
Randomvariables outcomes functionsof outcomes

eg toss 2 coins SSHHHT TtI T1
II ofheads for HH

HT TH
TT 210

P1 headfrac12
DEF Arandomvariable X is a functionfrom thesamplespacetothe real

numbers XSrightarrowmathbbR
v

x of heads
XSrightarrowleft012right SleftHHHTTHTTrightdownarrowdownarrow

downarrow

0
inmathbbR

Random
Varials

downarrow

2
C211

1 l
inmathbbRcR

PleftX0rightfrac14PleftX1rightfrac12PleftX2rightfrac14 connectionbetween
r v andprobabilities

Move generally EsubsetmathbbR Then PleftXinErightPleftleftSinSXleftSrightinErightright
eg RleftX1rightRleftleftHTTHrightrightfrac14frac14frac12

eg tosstwocoins Startwith 1 If H thendouble our fortuneT thenloseeverything
X fortuneafter 2 flips

SHHHTT I1 TT
downarrowdownarrow

downarrow4PleftX0rightfrac34PleftX4rightfrac14
downarrow00

PleftXaright0 for aneq04
7



DEF Thedistribution of x is thecollectionof allprobs of theform PleftXinCrightforall
CsubseteqmathbbR such that leftXinCright is an event

Discreterandomvariables There are a countablenumberofpossiblevalues qx
DEF Probabilitymassfunction orpmf For a discreterandomvariable thepmf
pmathbbRrightarrowleft01right of X is givenby

PleftxrightPleftXxrightPleftleftSinSXleftSrightxrightright
realization qX

Randomvariable

pmfproperties X can havevalues x1x2x3ldots thepmfsatisfies
i pleftxirightgeq0foralli123ldots
2 pleftxright0 for xnotinleftx1x2ldotsright
3 sum_i1inftyPleftxiright1

commonpmf5
1 Binomialdistribution n indep each with success prob P

PleftXkrightleftbeginmatrixnkendmatrixrightpkleft1prightnk for K01ldotsn
PNumberof success k

x
Note definepmfforall
possiblevaluesleftbeginmatrixnkendmatrixrightpkleft1prightnk for k012ldotsn

0pleftkright otherwise

1a Bernoullidistribution Binomialdirt with n1

Pleftkrightbegincases1pk0pfork10owendcases
2 Geometricdistribution indep each with success prob P

X oftrials requiredfor firstsuccess

PleftXkrightleft1prightk1p
left1prightk1k12ldotsPPleftkright
0w0

3 Negativebinomial



Example Thepmf of a ru X isgivenby
pleftiright c is a constant

L0beginmatrixcfracLii0endmatrix
fo

0

r

beginmatrixi012ldots1wendmatrix
a Find the valueof c

sum_i0inftyfracCLii1Rightarrowcsum_i0inftyfracLii1RightarrowceL1RightarrowceL
Solveforc eL
b PleftX0rightceL

c Pleftx2rightsum_i3inftyfrace1Lii
fraceLL002L

easier 1PleftX1rightPleftX0right

1fraceLL1eL
Remark Theabovepmf is thepmfof thePoissondistr w param2

DEF Cumulativedistributionfunctionor cdf theCdf FmathbbRrightarrowleft01right ofan r v X
is defined asfollows FleftbrightPleftXleqbright for binmathbbR

Note If X is discrete Fleftbrightsum_xleqbpleftxright
eg flip 2 coins x ofheads

Pleftxright leftinfty0rightleft01rightleft12rightleft2inftyright pleft0rightPleft0rightPleft1rightPleft0rightPleft1rightPleft2rightFleftxrightbegincases0nicefrac14nicefrac341endcasesbeginmatrix14x012x114x20wendmatrix0

Fleft1rightPleftXleq1rightPleftX0rightPleftX1rightfrac14frac12frac34Fleft15rightPleftXleq15rightPleftX0rightPleftX1rightfrac34Fleft3rightPleftXleq3rightPleft0rightPleft1rightPleft2right1


