
Lecture 4
Cont pmf Cdf
Introduce continuous v.v and Pdfs
Distributionsof functions of r v s
If time univariate bivariate

Recap
Randomvariables XSrightarrowmathbbR
Distribution collection ofvalues of PleftXinCright forall valid csubseteqs
Discreterandomvariables pmf

PleftxrightPleftXxright
Cdf FleftxrightPleftXleqxright

Cdf cont
Properties q acdf Fleftxright

1i Fleftinftyrightlim_xrightarrowinftyFleftxrightlim_xrightarrowinftyPleftXleqxright0
Fleftinftyrightlim_xrightarrowinftyFleftxright1 x

ii Fleftxright it nondecreasing geq0
e.g X is discrete

Then Fleftxrightsum_yleqxPleftyright
iii Fleftxright is right continuous

lim_xrightarrowaFleftxrightFleftaright

Fleftaright

1a

eg Werepeatedly toss a coin whichhas probPofbeing H until a Happears
X oftimes thecoin isflipped
What is the Cdfof X Geometricdistr

SpecifyThepossiblevalueof Xleft123ldotsright
Workout PleftXleqbright for b123ldots Goal general expression

PleftXleqbrightsum_i1bPleftirightsum_i1bleft1prighti1PrightarrowPsum_j0b1left1prightjp
ldots1left1prightb

Exercise
sumofgeom seriy

Fleftbrightbegincases1left1prightb0endcases for bleqyb1
b1



Howto answerquestions aboutprobsusing Cdf pmfab PleftX2rightpleftaleqxleqbrighte g say we are askedwhat is
PleftaXleqbright

1 leftXleqbrightleftXleqarightcupleftaxleqbright
a b tn3

2 PleftXleqbrightPleftleftXleqarightcupleftaxleqbrightrightPleftXleqarightPleftaxleqbright
3 2RightarrowPleftaXleqbrightPleftXleqbrightPleftXleqarightFleftbrightFleftaright

Def
eg PleftbackslashbrightPleftUi1inftyleftXleqbfrac1irightrightlim_nrightarrowinftyPleftXleqbfrac1nrightlim_nrightarrowinftyFleftbfrac1nrightdownarrowequivFleftbright

FleftbrightPleftXleqbrightbfrac1nrightarrowb
FleftbrightPleftXbright

FleftbrightPleftbrightPleftXleqbrightPleftXbrightusuallywhat
youdo in
practice
it pleftxright isknown

Summary RleftaxleqbrightFleftbrightFleftaright
PleftXbrightFleftbrightPleftbright if Pleftbright itknown

e g X is an v.v
pileftX3rightnicefrac1112
Fleft3right
PleftX1rightnicefrac23

PleftXleq1rightPleftX1rightfrac23frac12frac16
PleftXfrac12right1RleftXleqfrac12right1Fleftfrac12right1frac12frac12

beginmatrixFleftxrightnicefrac12nicefrac23nicefrac11121endmatrix
if
I

beginmatrixx00leqx11leqx22leqx33leqxendmatrix

Pleft2xleqyrightnicefrac112Fleft4rightFleft2right1frac1112frac112
Continuousrandomvariables
Thepossiblevalues cq cont r v s it not countable
eg Height left0inftyright
Discrete continuous

PleftXxright X
Example Uniform distribution

PleftXxrightnicefrac17nicefrac114nicefrac128vdotsDiscrete
V v 5 beginmatrix01X1ddotsddotsddotsddotsldotsX3ldotsldotsldotsldotsldotsldotsldotsendmatrixvdots



Continuous
r v Uiifleft01right 0

Takeaway PleftXxright0 for X continuous

PleftXgeqsigmaright or PleftXinleftabrightrightldots
Howdo wedo thisfor
continuous r v s
Answer Pdf

DEF A r v X is continuous if
exists nonnegative function fmathbbRrightarrowmathbbR s t forany

BsubsetmathbbR PleftXinBrightint_Bfleftxrightdx
f is called the probability density function pdfof leftxright

Notation fxleftxrightwherewe eval Thepdf8v

eg Bleftabright then PleftXinBrightPleftaleqXleqbrightint_abfxleftxrightdx
Bleftarighteg PleftXinBrightPleftXarightint_aafxleftxrightdx0PleftXaright

fxleftarightNote Pleftxarightneqfxleftaright

fxleftxright
u

eg BleftxinmathbbRxleqaright Then PleftXleqarightint_inftyafxleftxrightdxFleftaright
Properties
1 fxleftxrightgeq0forallxinmathbbR
2 int_inftyinftyfxleftxrightdx1

beginmatrixuvendmatrix

fxleftxrightneednot beleq1
whereas pleftxrightleq1

pmf

g Suppose X is continuous v.v with pdf

fxleftxrightbegincasescleft4x2x2right0x20olambdahumisxendcases
Weknow int_inftyinftyCleft4x2x2rightdxint_02Cleft4x2x2rightdx1What is C 318

cfrac1int_02left4x2x2rightdxldots38
b What it PleftX1right fxleftxrightfrac38left4x2x2right for 0x2 o

int_1inftyfxleftxrightdxint_12frac38left4x2x2rightdxldotsnicefrac12
d



d
Howto answerquestions aboutprobsusing Cdf pmf
i FleftxrightRleftXleqxrightint_inftyxfxleftyrightdyPleftXxright

Reason e.g RleftXxrightPleftXleqxrightPleftXxright80
FleftbrightFleftaright

PleftaleqXleqbright
PleftaXleqbright
Pleftaleqxbright
Pleftaxbright

ii Relationship btw Cdf pdf fracddxFleftxrightfxleftxright
Examples ofcontinuousdistributions
i Uniformdistribution Unif left01right

fleftxrightbegincases1far0x100wendcases Fleftxrightbegincases0xleq0x0x11xgeq1endcases
1

o
0 0 i1

Theabove generalizes to Unif leftabright

ii Normal Gaussian distribution Nleftmusigma2right

fleftxrightfrac1sqrt2pisigma2expleftfrac12sigma2leftxmuright2right xinmathbbR
locationspread

inverse of mCdfQuantile function
DEF X is a riv with Cdf F Foreach pinleft01right def

Fx
ine

F1leftprightinfleftxFleftxrightgeqpright

beginmatrixF1leftprightF1lcdot1endmatrix thepinitiationbeginmatrixXpendmatrix

F1leftpright X
e g Median is the 50 quantile
e.g Test scores are sometimes reported in quantiles e.g 80 quantile youdid betterThan 80 of testtakers
e.g Hypothesis testing

Distributions of functions ofrandomvariables
Goal SupposeX is a riv and we know itspdforedf orpmf

What is thedistribution pdfor cdf orpmf of gleftxright forsomefunctiong



Discrete randomvariables Suppose X is discretewithpmf pleftxright and Cdf Fleftxright
Suppose g is a one to one functionandnondecreasingPMF

i PleftgleftxrightyrightPleftXoverrightarrowgleftyrightright

PleftxrightPleftXxrightPleftgleftxrightgleftxrightrighty
CDF
i FgleftxrightleftyrightRleftgleftxrightleqyrightPleftXleqg1leftyrightrightFleftg1leftyrightright

Pmfof gleftxrightIn general gmaynot beone to one pgleftxrightleftyrightsum_xing1leftyrightPxleftxright
where g1leftArightleftxgleftxrightinArightinverseimage If gis PXleftg1leftyrightrightonetoone

FgleftxrightleftyrightRleftgleftxrightleqyrightsum_gleftxrightleqyPgleftxrightleftyright
Continuous randomvariables Suppose X is continuous withpdf f and CdfF

Suppose g is one to one andnondecreasing
i FgleftxrightleftyrightPleftgleftxrightleqyrightPleftXleqg1leftyrightrightFxleftg1leftlflooryrightrfloorright
ii fgleftxrightleftyrightfracddyFgleftxrightleftyrightfracddyFxleftg1leftyrightrightfxleftg1leftyrightrighttimesfracddyg1leftyright
eg gleftXrightcX for some leftright0

sameasdiscrete
case

FgleftxrightleftyrightPleftcXleqyrightPleftXleqycrightFXleftycrightfgleftxrightleftyrightfracddyFxleftfracycrightfxleftfracycrightcdotfrac1c
g is one to oneIn general wehavethefollowing result

HM Suppose X is continuous and gleftxright is strictlymonotone Then YgleftXright haspdf
givenby

fYleftyright0Xleftg1leftyrightrightleftfracddyg1leftyrightright if ygleftxright forsomeX
if yneqgleftxright forall x

g1leftyright is thevalue yx s t gleftxrighty


