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Recap
Intro to r.us and distributions
pmfpdf edf
functionsof v v s

g is one to one

HM Suppose X is continuous and gleftxright is strictlymonotone Then YgleftXright haspdf
givenby

fYleftyright0Xleftg1leftyrightrightleftfracddyg1leftyrightright if ygleftxright forsomeX
if yneqgleftxright forall x

g1leftyright is thevalue yx s t gleftxrighty
Overall idea If g is one to one

PleftgleftxrightleqcrightPleftXleqg1leftcrightright if X it discretethen usepmf
It X is continuousyou can findthe
pdfbydifferentiation

Examples
1 X is a continuous r.v with pdf fx What islambdapafof Yx2

Xit supported onmathbbR

1 ComputeCdf ofY for ygeq0 because yx2geq0
FYleftyrightPleftYleqyrightRleftsqrtX2leqsqrtyrightPleftvoverlineyleqXleqsqrtyright FxleftsqrtyrightFxleftsqrtyright
for y0FYleftyrightbegincases0FXleftsqrtyrightFXleftsqrtyrightendcases for ygeq0

2 ygeq0fYleftyrightfracddyFYleftyrightfracddyleftFxleftsqrtyrightFxleftsqrtyrightright
Chainrule

fracddyFxleftsqrtyrightfracddyFxleftsqrtyrightfxleftsqrtyrightcdotfrac12sqrtyfxleftsqrtyrightcdotfrac12sqrtyfrac12overlinevyleftfxleftoverlinevyrightfxleftoverlinevyrightright
y0fYleftyright0



2 Let Xbe a continuous nonnegative r v withpdffx Let YXn Whatis m
pdf of Y You can use THMor n Cdfmethod

g is one to one

HM Suppose X is continuous and gleftxright is strictlymonotone Then YgleftXright haspdf
givenbyMon

Example
2
YXn
r Xgeq0

fYleftyright0Xleftg1leftyrightrightleftfracddyg1leftyrightright if ygleftxright forsomeX
if yneqgleftxright forall x

g1leftyright is thevalue yx s t gleftxrighty
HM Suppose X is continuous then YgleftXright haspdf

givenbynonMon
Examples

x2 for
xinmathbbR

fYleftyrightbegincasessum_xgleftxrightyfXleftg1leftyrightrightleftfracddyg1leftyrightright0endcases
if ygleftxright forsomeX

it yneqgleftxright for aix
g1leftyright is thevalue yx s t gleftxrighty

eg YX2 fyleftyrightfrac12sqrtyleftfxleftsqrtyrightfxleftsqrtyrightrightJ
sqrtyvoverliney

Probabilityintegraltransform useful forgenerating randomsamplesfroma distribution
THM Let X be a continuous v.v withedf Fxi and let YFxleftxright ThenYsimU nif left01right strictlymonotone generalcaseis in

Degrothasthedistribution or isdistributed as
roof Find theCdf of y for yinleft01right

FYleftyrightRleftYleqyrightPleftFXleftxrightleqyrightPleftXleqFX1leftyrightrightFXleftFX1leftyrightrighty
Cdfof uniform

FYleftyrightbegincases0y0yyleft01right1y1endcases
Implication qR above
Corollary If YnU nif left01rightand F is a continuous Cdfwith quantilefunction F1 The

XF1leftYright has cdfF backslashI want x to have pafV
g Howdoyougenerate arandomsamplefromadistributionwithpdfwithfleftxrightex for x0

1 Generate YsimUnifleft01right
1 Find F1leftyrightlogleft1yright
3 logleft1Yright has Cdf F Corollary Indicator function

1 if x01leftx0right 00w



Fxleftxrightint_0xexdxleft1exrightIleftx0right
Howdo we find F1
1 Find F
2 Solvefor F1

yFXleftxright1ex leftx0right

ex1yRightarrowxlogleft1yrightF1leftyrightlogleft1yright yleft01right
Multivariaterandomvariables
Recall Univariate v.v XSrightarrowmathbbR

Multivariate v.v XSrightarrowmathbbRn
Special case Bivariate v.v xSrightarrowmathbbR2

eg Roll 2dice X sumof thetworolls
Y absolutedifferencebetweenthetworolls

Sleftijright ij1ldots6
X can be 23ldots2Y can be 01ldots5

RleftX4Y0rightRleftleftxyrightinSright sit xyy
leftxyrightu

mathbbRleftleft22rightrightfrac136
BivariateCdf
DEF It leftXYright is a v.v Thenthe jointCdf FXYleftxyright is defined as

FXYleftxyrightRleftXleqxYleqyright for xyinmathbbR
compared to univariate FXleftxrightPleftXleqxright

univar
ropertiesof joint Cdf
1

FXYleftinftyinftyrightlim_xrightarrowinftyFXYleftxyright1 leftFXleftinftyrightlim_xrightarrowinftyFXleftxright1right

leftFXleftinftyrightlim_xrightarrowinftyFXleftxright0right2 FXYleftinftyyrightlim_xrightarrowinftyFXYleftxyright0
FXYleftxinftyrightlim_yrightarrowinftyFXYleftxyright0

3 FXYleftxinftyrightlim_yrightarrowinftyFXYleftxyrightFXleftxright
FXYleftinftyyrightlim_xrightarrowinftyFXYleftxyrightFYleftyright

3rightarrow1FXYleftinftyinftyrightlim_xrightarrowinftyleftlim_yrightarrowinftyFXYleftxyrightrightlim_xrightarrowinftyFXleftxright1

EW
marginalcdfof X

marginalCdfofY



Wecananswerquestions like

Plefta1leqXleqa2b1leqYleqb2rightFlefta2b2rightFlefta2b1rightFlefta1b2rightFlefta1b1right
b2

b1

1a2a1

Addback in

Discretejoint r v s
DEF If Xand v1 arebothdiscrete Thenwe can defineThejointpmfofXandY as follows

PXYleftxyrightPleftXxYyright for xyinmathbbR
Note Themarginalpmfof X canbeobtained from PXY by summing over y

PXleftxrightPleftXxrightsum_yPXTleftxyright0Pleftxyright
Similarly pYleftyrightPleftYyrightsum_xpXleftyyrightpXYleftxyright

Example Supposean urn contains 3W ZR JB

MarginalDistributions

x of W
Y of B
Wechoose 2ballsfromM urn

What is Pxx What is pX
t

Xand Y can be left012right
XYleqL

Identifypossiblevaluesof leftxyrightCalculate pleft11right et vWrite out Pleft00right pleft01right etc

PleftX0rightpleft00rightpleft01rightpleft02rightPleftX1rightPleft10rightPleft11rightPleft12right T0 find pxleftxright weneed
to sum over yPleftX2rightPleft20rightPleft21rightPleft22rightcirc0 sum_ypXYleftxyright



Howto compute pleftxyright choosingonlyfrom
Redballspleft00right ofways toget0Wand OBofwaysto choose 2ballsfrom70 leftbeginmatrix262endmatrixrightleftbeginmatrix102endmatrixright

pleft01right beginmatrix0fOWBleftbeginmatrix102endmatrixrightendmatrix
Pleft21right0Pleft22right0

Continuous jointv v s
DEF Arandomvector leftXYright is called continuous if forany CsubsetmathbbR2 There is

multivariatev.v
somefunction fleftxyright suchThat

PLleftXYrightinCintCfleftxyrightdxdy
Where f mathbbR2rightarrowmathbbR jointpdf circfleftXYright

RelationshipbetweenpdfandCdf
D FleftabrightPleftXleqaYleqbrightint_inftyaint_inftybfleftxyrightdydinftyabinmathbbR

2 fleftxyrightfracpartial2partialxpartialyFleftxyright
Note Wecan obtain M marginalPdfsfromthejointpaf

fxleftxrightint_inftyinftyfleftxyrightdy
fYleftyrightint_inftyinftyfleftxyrightdx

Furthermore int_inftyinftyint_inftyinftyfleftxyrightdxdy1



eg Suppose leftXYright havejointpdf leftC0right

fleftxyrightbegincasescexe2yfor0xinfty0yinfty0qwendcases
HW compute

integrals

a what is c
Set int_0inftyint_0inftycexe2ydydx1 and solvefor c2

b PleftX1Y1right
int_01int_1infty2exe2ydxdy

c PleftXYright leftHWright

int_0inftyint_0y2exe2ydxdy 6intint_xy2exe2ydxdy
d PleftXaright for a0
1 fxleftxrightint_0infty2exe2ydy
2 int_0afxleftxrightdx

Functions ofbivariate r.us
Suppose leftX1X2right is a continuousrandomvector withpdf fx1x2leftabright
Suppose that paf is supported on AsubsetmathbbR2RightarrowPleftleftX1x2rightinSright1
Supposewe applyfunctions g1 and g2 to leftx1x2right satisfying thefollowing

y1g1leftx1x2right
y2g2leftx1x2right

1 Theeq.in canbesolved uniquelyfor x and x2 inint in terms ofy1 and
y2 Denote N solutions by x1h1lefty1y2right

x2h2lefty1y2right lambdainhy_g11g21ldots
2 g1 and go have continuouspartialderivatives for all leftx1x2rightinS and aresuch

determinantThat

Jleftbeginmatrixfracpartialg1partialx1fracpartialg1partialx2fracpartialg2partialx1fracpartialg2partialx2endmatrixright forallleftx1x2rightinSfracpartialg1partialx1fracpartialg2partialx2fracpartialg2partialx1fracpartialg1partialx2neq0
lambdaenleftY1Y2rightleftg1leftx1x2rightg2leftx1x2rightright hasthefollowingPdf

fYY2lefty1y2rightfx1x12lefth1lefty1y2righth2lefty1y2rightrightleftJlefth1lefty1y2righth2lefty1y2rightright1right
for lefty1y2rightinT where Tleftg1g2rightleftSrightsubsetmathbbR2 isthe image afg1g2



e g let leftx1x2right becontinuous withpaf fx1x2leftx1x2right Let Y1X1X2 and Y2X1X2
find fyy2lefty1y2right

y1g1leftx1x2rightx1x2
y2g2leftx1x2rightx1x2

Find h1 I h2

solve
for x2

solvefor
x1 y1y22x1

x1fracy1y22h1lefty1y2right

y1x1x2fracy1y22x2
x2y1fracy1y22fracy1y22h2lefty1y2right

ComputeJ

leftbeginmatrixfracpartialg1partialx1fracpartialg1partialx2fracpartialg2partialx1fracpartialg2partialx2endmatrixright11left1rightleft1rightleft1rightleft1right2
fY1Y2lefty1y2rightfX1X2lefth1lefty1y2righth2lefty1y2rightleftJright1right
fx1x2leftfracy1y22fracy1y22rightcdotleft2right1 fory1782 inT

leqnicefrac12
Suppose fx1x2leftx1x2right10x1 i 11 left0x21right
Thenfromabove we have 1left0fracy1y221right1left0fracy1y221rightfY1Y2lefty1y2right


