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Introducedmultivariate r.us discreteandcontinuous
Functions of continuous bivariate r v s

Independent v v s
Recall A BsubsetS are independent if PleftABrightPleftArightRleftBright Independenceofevents
DEF Tworandomvariables X and Y are independent if foranytwosetsCsubseteqmathbbRDsubseteqmathbbR wehave That

PleftXinCYinDrightRleftXinCrightmathbbRleftYinDright Independenceof v v s

Indepenceofdiscrete r v s If Xand Y are discrete thentheyare
independent if andonly if pXYleftxyrightpXleftxrightpYleftyright forall xyinmathbbR
means XY independent pXYleftxyrightpXleftxrightpYleftyright

AND pXYleftxyrightpXleftxrightpYleftyrightRightarrowXY independent

Independence cf continuous r.v.si If XY are continuous Thentheyare
independent if and only if fXYleftxyrightgleftxrighthleftyright forallxyinmathbbR

for allforsome functions gh
Example fleftxyright6e2xe3yfor0xinfty6yinfty
Are X Y independent fleftxyright6e2xe3yUleft0xinfty0yinftyright

6e2xe3ycoprodleft0xinftyrightbigtriangleupleft0yinftyright6e2xrrbracketleft0xinftyrightxe3yrrbracketleft0yinftyrightYes

hleftyrightgleftxright
Example 24xy for 0x1 0y10xy1

o otherwisefleftxyright

Are XY independent No fleftxyright24xy1left0x10y10xy1right2uxymathbbDleft0x1rightmathbbDleft0y1rightDelta0xy1
cannotbefactorized
intoseparatefunctions
of xandynotindependent



Example A man and a woman agreetomeet Eachpersonindependentlyarrives
at some timeuniformly distributedbetween2PMand 3PM What istheprobability
hat the man arrives at least 10minutesbeforethewoman

tint let X ofminutespast2PMwhen the man arrives
Stepo

xv nif left060right
Yncupnif left060rightY ofminutespast2PMwhen the woman arrives

Step 1 Wrotedown the prob youneed to calculate

PleftXY10rightPleftX10Yright
Step 2 Integrate fxyleftxyrightfxleftxrightfyleftyrightleftfrac160right2Deltaleft0x600y0right

intint_xy10leftfrac160right2dxdyint_1060int_0y10leftfrac160right2dxdyldots
intint_xy10leftfrac160right2dydxintint_xwyleftfrac160right2dydxint_050int_10x60leftfrac160right2dydxldots

Convolution what is thedistributionof R sumof independent r.us
THM If X and Y are independent Continuous r v s withpdfs fx and fy

respectively then Thepdf of ZXY it

fZleftzrightint_inftyinftyfXleftzyrightfYleftyrightdy
Wesay intz is the convolution of fx and fY represented as

fzfxfy
convolution

Proof Step1 Compute the Cdf of Z

FzleftzrightPleftzleqzrightPleftXYleqzright

intint_xyleqtfxyleftxyrightdxdyintint_xyleqzfxleftxrightfyleftyrightdxdyintintxleqzyfXleftxrightfYleftyrightdxdyint_inftyinftyint_inftyzyfXleftxrightfYleftyrightdxdyint_inftyinftyfYleftyrightleftint_inftyzyfXleftxrightdxrightdyint_inftyinftyfYleftyrightFXleftzyrightdy

Independence

FXleftzyrightPleftXleqzyrightint_inftyzyfxleftxrightdx



Step 2 Compare fzleftzright
step1

fzleftzrightfracddzFzleftzrightfracdpartialzint_inftyinftyfYleftyrightFXleftzyrightdyint_inftyinftyfYleftyrightfracddzFXleftzyrightdy fxleftzyrighttimesfracddzz
int_inftyinftyfyleftyrightfxleftzyrightdy Done

Example Suppose X Y are independent r v s and both areUnifleft01right
What is the pdf of tXY1

xn Unifleft01right zy

fzleftzrightint_inftyinftyfyleftyrightfxleftzyrightdyint_inftyinfty1left0y1right0left0zy1rightdyint_011left0zy1rightdy fxleftxrightzy
beginmatrix010endmatrix beginmatrixxleq0zy031zgeq1endmatrix

1left0ty1right

vdotsleftz1rightleftexldotsright
Conditional distributions
eg leftXYright are heightweight

Discrete r.us
DEF let X andY bediscrete r v s withjointpmf PXYleftxyright andmarginal

pmfs pXleftxright and pYleftyright Forany y where PYleftyright0 Theconditionalpmf
of X given Yy is denoted by PXYleftxyright it defined as

beginmatrixPXYleftxyrightPleftXxYyrightPleftXxYyrightPXYleftxyrightRleftYyrightYleftyrightendmatrix
Similarly if pxleftxright0 Then

PYXleftyxrightPleftYyXxrightPXYleftxyright
Pxleftxright

Note If AB CS then PleftBAright it still a valid probabilityin thesense
That it satisfies the 3axioms
Similarly the conditionalpmf it a valid pmf
1 PXYleftxyrightgeq0forallx
2

sum_xpXYleftxyrightsum_xPXTleftxyrightfrac1PYleftyrightsum_xPXYleftxyrightfracPYleftyrightPYleftyright1V



Independence If X and Y are independent then

PXYleftxyrightPXYleftxyrightdownarrowPXleftxrightPYleftyrightPYleftyrightPYleftyrightPXleftxright
equivPleftXxYyrightPleftXxright

DEF Theconditionaldistribution function of X given Yy it denotedby
lceil
NY leftxyright and is givenby

FXYleftxyrightPleftXleqxYyright for y S.t PleftYyright0
Example

x10103x00402Y0Y1
a Find pXleftxright
Compute PXleft0rightPleftX0rightPleftX0Y0rightPleftX0Y1right04020

PXleft1rightPleftX1rightPleftX1Y0rightPleftX1Y1right010304
b Find PXYleftx1rightPleftXxY1right

PXIYleft01rightPleftX0Y1rightRleftX0Y1rightPleftY1right beginmatrixPleftX0Y1rightRleftX0Y1rightPleftX1Y1rightendmatrix
beginmatrix020203endmatrix

Pxiyleft11rightfrac0305
Continuous r.us
DEF Let Xand Y becontinuous r.us withjointdensity fxyleftxyright andmarginaldensities fxleftxright and fYleftyright respectively Forany y such That

fyleftyright0 Theconditional paf of XYy written fXYleftxyright is
definedby

fXYleftxyrightfXYleftxyrightfYleftyrightbegincasesfXleftxright0fYXleftyxrightfracfXYleftxyrightfXleftxrightendcasesExercise verifyThat fxyleftxyright is a valid density

Independence If X and Y are independent

fXYleftxyrightfracfXYleftxyrightfYleftyrightfXleftxrightfYleftyrightfXleftxright



Example Suppose leftXYright has jointdensity

fleftxyrightbegincasesfrac214x2yleft0leqrightsqrtx2leqy10ophewiseendcases
a Compute

beginmatrixfXYleftxyrightfXYleftxyrightfYleftyrightendmatrix

implicit

fyleftyrightint_sqrtysqrtyfrac214x2ydxfrac214yint_sqrtysqrtyx2dxfrac214ytimesleftfrac13x3rightsqrtysqrty7
frac214yleftfrac13y32frac13cdotleftyright32right
frac74yleft2y32rightfrac72y521left0y1right

fXYleftxyrightfrac214x2yfrac32x2y32nux2leqy or sqrtyleqxleqsqrty

x2leqyRightarrowvoverlineyxvoverliney
if

b Compute PleftXgeqYYyrightint_xgeqyfrac32x2y32dx
int_y1frac32x2y32dx



fYXtleftytright


