
Lecture7
massof

1 Expected Value centerof thedistribution
Example toss a coin twice x ofheads

nicefrac14 if x0
pleftxright beginmatrixnicefrac12nicefrac14endmatrix if beginmatrixx1x2endmatrix

EleftXright0cdotfrac141cdotfrac122cdotfrac141
DEF Suppose X is abounded r v thevalues X cantake on arefinite assuming

Thevalues x1x2x3 with corresponding pmf values pleftx1rightpleftx2rightpleftx2right
The mean or expectedvalue of X is givenby

EleftXrightsum_uxucdotpleftxuright
Example Suppose we roll a die If it comesup even lose 4

If it comes up 1 win 1
3 win 3
5 win 5

Eleftxright if X is yourearnings
EleftXright1cdotfrac163cdotfrac165cdotfrac164cdotfrac12frac12

Example Supposeyoupick 3different numbers from 1to 12 If youpickall3
correctly youwin 100 Whatareyourexpected earnings if it costs 1 to
play

X yourearnings
Outcomes winning or losing

earningsassoc w 99
he outcomes

1

IPwinning frac1leftbeginmatrix123endmatrixrightfrac1220
mathbbRUusing 71PL winning 1frac1220frac29220

Eleftxright99cdotfrac12201cdotfrac219220frac120220055



DEF Rigorous definitionofexpectedvalueofdiscrete r v s let X be a discreteriv
with pmf P If one of the followingsums is finite

sum_xxgeq0xcdotPleftxrightsum_xx0xcdotPleftxright
Then wesay the meanexpectedvalueexpectationof X existsand is
defined h be

Eleftxrightsum_xxcdotpleftxright
If bothsums are infinite then Eleftxright doesnotexist

eg let X be a discrete r v withp.m.f

pleftxright beginmatrixfrac12leftxrightleftleftxright1right0endmatrix
one

x

rnbeginmatrixpm1pm2ldotsifracOmegaendmatrix
Wehave hI at pleftxright is a validpmf exercise
But Eleftxright does not exist

Weshow that sum_x1inftyxcdotpleftxrightinfty
sum_x1inftyxcdotpleftxrightinfty

e.g sum_x1inftyfracx2leftxrightleftleftxright1rightsimsum_x1inftyfrac1xrightarrowinfty
DEF Expectationofcontinuous r v s If X it a bounded riv withpdf f

Theexpectation of X is givenby
EleftXrightint_mathbbRxcdotfleftxrightdx

e.g suppose X is acontinuous v.v withpdf

fleftxrightbegincases2x0x100teminendcases
Eleftxrightint_mathbbR2xrrbracketleft0x1rightdxint_012xdxfrac23

DEF Morerigorous if X is unbounded continuous supposeX is a continuous r v with
pdf f Suppose that oneof thefollowing integrals is finite

int_0inftyxcdotfleftxrightdxint_infty0xcdotfleftxrightdx
Thenthemeanexpected valueexpectation of Xexistsand isgivenby

Eleftxrightint_inftyinftyxcdotfleftxrightdx
If bothintegralsareinfinitethen Eleftxrightdoesnot exist



Expectedvalueof a functionof a randomvariable
Q What is Eleftgleftxrightright for someg
Approach 1 Define YgleftXright Find distribution pmforpdf ofYandthencalculate

EleftYright verifythat EleftYrightexists

Approach2 what we will d0 LawoflambdaUnconscious Statistician LOTUS
7m If X is discrete with pmf p3 then Eleftgleftxrightrightsum_kgleftxkrightpleftxkright

If X is continuouswith 31df f then Eleftgleftxrightrightint_inftyinftygleftxrightfleftxrightdx
Provided that Eleftgleftxrightright exists

Proof Discretecase let Ygleftxright and PY belambdapmfofYDEF

mathbbRleftgleftxrightrightEleftYrightbotsum_yypYleftyright
DEF

sum_yycdotPleftYyrightsum_yyPleftgleftxrightyrightsum_yycdotsum_xgleftxrightPleftXxright
sum_ysum_xgleftxrightyPleftXxrightsum_xgleftxrightPleftxright
gleftxright YXwant

IPLX'sthatmap
tothisy

rangle0 sumoveryInner
sum 0

want
IPLX'sthatmap
tothisy outersum

Exercise Roll a die Let Xbe m that comes up
Eleftx2right
Eleftsqrtxright
Eleftexright


