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Recap
Expectation of a discrete v.v if it exists EleftXrightsum_kxkpleftxkright

continuous 11

Eleftxrightint_mathbbRxfleftxrightdx
LOTUS Eleftgleftxrightrightsum_kgleftxnrightpleftxnright if discrete and expectationof gleftxrightexists

IEleftgleftxrightrightint_mathbbRgleftxrightfleftxrightdx continuous

Notes on the above
In general EleftgleftxrightrightneqgleftmathbbRleftxrightright e.g Eleftfrac1xrightneqfrac1Eleftxright
AllofThisextendsto XleftX1ldotsXaright

randomvector
multivariateriv

If EleftXiright exists forall iinleft1ldotsdright Then

EleftXrightleftEleftX1rightldotsEleftXdrightright
Relationship betweenindicatorfunctions and expectation

1 if A occurs
0 if A occurs

Indicator
variable1leftAright

mathbbRleftmathbbDleftArightright1timesmathbbRleftAright0timesmathbbRleftACrightmathbbRleftAright
If XandY areindependent v v s then forall functions gh we have that

EleftgleftXrighthleftYrightrightIEleftgleftXrightrightElefthleftYrightright
eg Suppose Aand B are independent events

Then IEleftDeltaleftAcapBrightrightPleftArightPleftBright

fleftxrightxrrbracketleft0x1right

Howtoshow this
usetheprevious fact EleftmathbbRleftAcapBrightrightPleftAcapBrightPleftArightmathbbRleftBrightfact useful

1 leftAcapBright1 leftArightleftBrightEleftDeltaleftAcapBrightrightEleftDeltaleftArightDeltaleftBrightrightdownarrowEleftDeltaleftArightrightEleftDeltaleftBrightright
PleftArightPleftBright

otherfact
AcupI1leftAright1leftBright
KAMBbegincases1ijAcapB00omegaendcases



DEF Eleftxright is referredtothe firstmoment ofX

Ingeneral EleftXnright isreferred to as Runt moment if X
Also mathbbREleftleftXEleftXrightrightnright is refferedto as Rent centralmoment of X

Propertiesofexpectation
EleftDeltaleftArightrightPleftAright

ElefthleftxrightgleftYrightrightElefthleftxrightrightEleftgleftYrightrightforallgh if XandY are independent
linearity of expectation if ab are constants then EleftaXbrightaEleftXrightb
In general Ileftsum_i1naiXibrightsum_i1naiEleftXirightb trueforany v.v

Proof simplecase discretev.vLOTUS

Eleftaxbrightsum_kleftaxkbrightpleftxkrightasum_kxkpleftxnrightbsum_kpleftxkrightaEleftxrightb
1EleftXright

If there exist constants suchThat PleftaleqXleqbright1 Then aleqEleftxrightleqb
reason theaverage is between the minand themax

forthistobetrue X
canonlytakevaluesin
left012ldotsright

Expectations in termsofCdfs
If X is discrete EleftXrightsum_i1inftyPleftXgeqirightsum_i1inftyleft1PleftXirightright

forThistobetrue
xgeq0If X is continuous Eleftxrightint_0inftyPleftxgeqtrightdtint_0inftyleft1Flefttrightright dt

Thereareextensions oflambdaabovefor xinmathbbR or xmathbbZ
Proof
Discretecase EleftXrightsum_n0inftynPleftXnright

sum_n1inftynPleftXnright
sum_n1inftysum_i1nPleftXnright
sum_i1inftysum_niinftyRleftXnright

Bydefinition

0 PleftX0right0

sum_i1nPleftXnrightnPleftXnright
interchange sums

Pleftxgeqiright
Continuous case Eleftxrightint_0inftyfracxdownarrowfleftxrightdx

int_0inftyleftint_0x1dyrightfleftxrightdxint_0inftyleftint_yinftyfleftxrightdxrightdyint_0inftyleft1int_0yfleftxrightdxrightdyint_0inftyleft1Fleftyrightrightdy



int_0inftyleftint_0x1dyrightfleftxrightdxint_0inftyint_0infty1leftyleqxrightdyfleftxrightdxint_0inftyint_yinfty1leftyleqxrightfleftxrightdxdy
LOTUS formultivariatecase
If Xand Yhavejointpmf pXYleftxyright Then EleftgleftXYrightrightsumqleftxyrightpxyleftxyrightyx

pdf fXYleftxyright EleftgleftXYrightrightiint_mathbbRmathbbRgleftxyrightfxyleftxyrightdxdy
What if gleftXYrightX

EleftgleftXYrightrightEleftXrightint_inftyinftyint_inftyinftyxfXYleftxyrightdydx

int_inftyinftyxint_inftyinftyfxyleftxyrightdydxint_inftyinftyxfxleftxrightdxEleftxrightV
Example Suppose thelocationof anaccident X is uniformlydistributed on aroadof
length L At thetimeofthe accident suppose anambulance is at locationY
where Y it alsoUniformly distributed on theroad oflength L AssumeThat
Xand Y are independent Find EleftleftYxrightright

distancebetweentheaccident where the
ambulance is

EleftleftXYrightrightint_mathbbRint_mathbbRleftxyrightfXYleftxyrightdydxint_mathbbRint_mathbbRleftxyrightfXleftxrightfYleftyrightdydxiint_mathbbRint_mathbbRleftxyrightcdotfrac1LDeltaleft0xLrightcdotfrac12mathbbRleft0yLrightdydxfrac122int_0Lint_0Lleftxyrightdydxfrac1L2int_0LleftfracL22x2xLrightdxldotsfracL3int_0Lleftxyrightdyint_0xleftxyrightdyint_xLleftyxrightdyfracL22x2xLint_0LDeltaleftxgeqyrightleftxyright1leftxyrightleftyxrightdyint_0LmathbbDleftyleqxrightleftxyrightdyint_0LDeltaleftxyrightleftyxrightdyint_0Xleftxyrightdyint_XLleftyxrightdy



xsimu nifleft0Lright
frac1LDeltaleft0xLright

Fact previously learned about binomial r v s
If xsimBinomial leftnpright parameters

is distributedas nameofthedistribution

xn Binomial leftnprightmeans that PleftXxrightleftbeginmatrixnxendmatrixrightpxleft1prightnx
Yn Binomial leftmqrightPleftYyrightleftbeginmatrixmyendmatrixrightqyleft1qrightmy
Fact If x1Binomialleftnpright Then Xhas thesamedistribution as

X1ldotsXn where the xi are independentBernoullip r v s

XisimBernoullileftpright means that PleftX1rightP
PleftX0right1p

EleftXirightptimes1left1prighttimes0

Takeaway Xasum_i1nXi
equal indistribution
has thesamedistribution

EleftXrightEleftsum_i1nXirightsum_i1nEleftXirightsum_i1npnpsum_k0nkleftbeginmatrixnkendmatrixrightpkleft1prightnk
example A groupof NpeopleThrowtheirhatsinto R centerof theroom and

Theneachperson chooses a hat at random What is theexpected
number of people whoselect their own hat

X number of people whoselect their own hat
XisimBernoullileftfrac1Nrightsum_i1NXi
whether lambdaeit persongotbacktheir own hat

IEleftXrightsum_i1NEleftxirightNfrac1N1
Variance
Before expectedvalue is centerofmass of a distribution
Now varianceis N spread cf adistribution more precisely fluctuationof ar v

aroundits mean
eg Consider two r v s Exercise

1 Showthat IleftXrightEleftYright
2 Computeandcompare Vavleftxright and var ln

X0 wp

y beginmatrix2omegap131omegap161omegap162omegap13endmatrix
DEF Thevarianceof X denotedby VarleftlfloorXrightrfloor isdefined as follows

vavleftxrightIEleftleftXEleftxrightright2right

r



actsaboutvariance
VavleftXrightIEleftX2rightIEleftXright2

proof exercise idea do it fordiscretecase
If Thereis a constant suchThat PleftXcright1 Then VarleftXright0

c

VarleftXrightEleftX2rightEleftXright2c2leftcright20
Puttingthesetogether

abinmathbbR
If C is a constant then VarleftXcright var leftxright

pdfofX pdfof Xc Vavleftaxbrighta2vavleftlfloorxrightrfloor
mathbbRleftxrightrightarrowmathbbRleftxrightL

If c is a constant then VarleftCXrightc2VarleftXright
If X1ldotsXn aremutuallyindependent V.v Varleftsum_i1nXirightsum_i1nVarleftXiright

Nottrue in general

Important definethe samplemeanby fracXfrac1nsum_i1nXi
Assumethat X1ldotsXn are iid iidmeans independentandidenticallydistributed or
X1ldotsXn aremutuallyindependent and X1fracaX2fracaldotsfracaXnidenticallydistributed

EleftoverlineXrightIEleftfrac1nsum_i1nXirightfrac1nsum_i1nEleftXirightfrac1ncdotnEleftXirightEleftXiright
VarleftoverlineXrightVarleftfrac1nsum_i1nXirightfrac1n2Varleftsum_i1nXirightfrac1n2sum_i1nVarleftXirightfrac1n2cdotnVarleftXirightfracVarleftXirightn

Vavleftcxrightc2Varleftxright independence identicallydistributed

DEF Thestandard deviation cf a randomvariable X is sqrtVarleftxrightSD
Consider minimizing gleftthetarightleftxthetaright2 then min_thetaEleftgleftthetarightrightmin_thetaEleftleftxthetaright2rightvarleftxright

argThetamin mathbbCleftgleftthetarightrightmathbbRleftXright
Anotherway to write this IEleftleftxthetaright2rightgeqEleftleftx1Eleftxrightright2rightforalltheta
Another fact EleftleftxthetarightrightgeqEx medianleftxright to


