
Linearity of expectation Eleftsum_i1nXirightsum_i1nEleftXirightFromThursday
wedonotneed independence

Hatproblem Wehave that xinparallelxj but KEleftxixjrightmathbbRleftxirightEleftxjright
is not independent

Today But var leftXiXjrightneqVarleftXirightvarleftXjright
If Xi Xj Then VarleftXiXjrightvarleftlfloorXirightrfloorvarleftXjright

EleftXiXjrightvarleftXiXjright
xjxjcoprodnparallel varleftXirightvarleftXjrightXiXi EleftxirightEleftxjrightEleftxirightEleftxjright VarleftXirightvarleftXjright2covleftXiXjrightneqvarleftXirightvarLXj

today
Moment generating functions
Recall The nTH moment of a r v X is givenby EleftXnright

Firstmoment of X is mathbbRleftxrightleftn1right
Secondmoment of X it Eleftx2rightleftn2right

vdots

npi moment of X is mathbbRleftXnright general n
LOTUS

Recall Law of The unconscious statistician saysthat
if X is discrete

IEleftgleftxrightrightbegincasessum_kgleftxkrightPleftxkrightintgleftxrightfleftxrightendcases
Thenwhat is

if X is continuous

it X is discretesumxknpleftxkrightumathbbRleftXnright
if X is continuousintxnfleftxrightdx

gleftXrightXn Thenapply LOTUS
onewaytocompute
npit moment ofx

Momentgenerating functions are a way to compute themoments of Xwithout
needing to compute

DEF Themoment generating function of a riv X is denotedby Mxlefttright and is
defined as MxlefttrightEleftetxright forall tinmathbbR

Mxlefttrightbegincasessum_uetxuPleftxurightintetxfleftxrightdxendcases beginmatrixXXendmatrix
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beginmatrixcretetinuousendmatrix



O Howdo we use Mxlefttright to find the moments of X

RecallTaylorseries of ey around y0 is givenbyOMxlefttrightEleftetxright
Taylorseries
Taylorexpansion
areimportant
for 52035204

ey1yfrac12y2frac16y3ldots
infinitesumexercise show this

0 MxlefttrightIEleft1txfrac12lefttxright2ldotsright
fracddtMxlefttrightfracddtIEleft1txfrac12lefttxright2ldotsright
Eleftfrac1dtleft1txfrac12lefttxright2ldotsrightrightweassume

we cando
his IEleftXlefttXrightldotsright

alltheseremainingtermsare somemultiple of tfracddtMXlefttrightt01EleftXright
Exercise Show that fracd2dtMxlefttrightt0EleftX2right
In general IEleftXnrightfracdndtnMxlefttrightt0
Anotherway to see this fracddtMxlefttrightfracddtEleftetxright

Eleftfracddtetxright
Eleftxetxright

RightarrowfracddtMxlefttrightt0EleftXright
moment generating function

THM Let X and Y be v v s with mgt Mxlefttright and MYlefttright that areboth
finite in aneighborhood of 0 If MXlefttrightMYlefttrightforallt in a
aneighborhood of 0 Then X and Y have the samedistribution

Significance Themgt can uniquelyidentifythedistribution of a r v
Aside Themoments of a v.v do not uniquely identify its distribution

If XaYRightarrowmathbbRleftXnrightEleftYnright forall n such thattheexpectationsexist
But IEleftXnrightIleftYnright XfracaY

whereas XhatYLeftrightarrowMXlefttrightMYlefttright for t around 0

Example Xsim Binomial leftnpright Calculate MXlefttright and use it tocalculate 1Eleftxright
and EleftX2right usesBinomialTheorem leftxyrightnsum_k0nleftbeginmatrixnkendmatrixrightxkynk

Eleftetxrightsum_x0nleftbeginmatrixnxendmatrixrightpleft1prightnxcdotetx
sum_x0nleftbeginmatrixnxendmatrixrightleftpetrightxleft1prightnx
leftpetleft1prightrightn

Mxlefttrightleftpetleft1prightrightn

EleftxrightMxleft0rightfracddtMxleftxrightt0EleftX2rightMtimesleft0right



Mxlefttrightnpetleftpetleft1prightrightn1
MxlefttrightnpetleftpLtleft1prightrightn1
npetleftleftn1rightright pe tleftleftprightrightn2pet

EleftxrightMxleft0rightnpEleftx2rightMxleft0rightnleftn1rightp2npproduct rule
chainrule

Mxleft0rightnpleftpleft1prightright0npleftleftn1rightrightpnpnleftn1rightp2
Bones What is Varleftxright VavleftXrightEleftX2rightEleftXright2

nleftn1rightp2npleftnpright2ldotsnpleft1pright
We'vebeenassuming that M mgfexists itdoesnotalwaysexist

Proposition Themgt of the sum of two independent v v s is M product oftheir
myfs If Xand Y are independent Then MXYlefttrightMXlefttrightMYleftiright

DEFroof MXYlefttrightIEleftetleftXYrightrightEleftetXtTrightEleftetXetTright
EleftetXrightEleftetYright Independence

MXlefttrightMYlefttright
reposition lhemgfof a linearcombinationofindependent r v s leftsum_i1naichiiright is givenby

Msum_i1naixilefttrightprod_i1nMxileftaitright
Proof Msum_i1naixilefttrightEleftetsumaixirightElefteSigmataixirightEleftright i

i
n etaixi

prod_i1nEleftetaixiright Independence

prod_i1nMxileftaitright
Onemore

Msum_i1naixiblefttrightetbprod_i1nMxileftaitright exercise

Usefulpolynomial expansions
BinomialTheorem leftxyrightnsum_k0nleftbeginmatrixnkendmatrixrightxkynk
Multinomial theorem leftx1x2ldotsxrrightnsum_n1n2ldotsnrgeq0leftnrightx1n1x2n2ldotsxrnr
Covariance and Correlation
Covariance somenotionofdependencebetween randomvariables
e.g X height Y weight

x weightof a fluid Y volumeofthatfluid
DEF Thecovariancebetweentwo vv s X and Y it denotedbyCov leftXYrightand is

givenby covleftXYrightEleftleftXEleftXrightrightleftYEleftYrightrightright
IEleftXYrightIEleftXrightIEleftYright exercise



Notes
suppose x1Y Then

CovleftXYrightEleftXYrightIEleftXrightEleftYrightEleftXrightEleftYrightEleftXrightEleftYright0
CovleftXYright0RightarrowXcoprodY
XcoprodYRightarrowCovleftXYright

example suppose
Y canhave L0v leftXYright0

butclearly xyy
X

Counterexample Define X and Y suchThat PleftX0rightPleftX1rightPleftX1rightfrac13
0 if xneq0Y 1 if x0

1 X and Y are not independentexercise showrigorously
2 But covleftXYright0

0

CovleftXYrightmathbbRleftXYright0EleftXrightmathbbRleftYright000 EleftXrightfrac13left0rightfrac13left1rightfrac13left1right0
EleftXYright0
0 if xneq0

XY
0 if x0

CovleftXYrightcovleftYXright
CovleftXXrightvarleftXright

CovleftaXYrightcovleftXaYrightacovleftXYright and covleftaXbYrightabcovleftXYright
exercise

linearity
CovariancevarleftaXrightcovleftaXaXrightacdotacovleftXXrighta2varleftXright

covleftsum_i1mXisum_j1nYjrightsum_i1msum_j1nCovleftXiYjright
Proof Letsdefine muiEleftXirighti1ldotsm

UjEleftYjrightj1ldotsn

Covleftsum_i1mXisum_j1nYjrightEleftleftsum_i1mXiEleftsum_i1nXirightrightleftsum_j1nYjEleftsum_j1nYjrightrightrightsum_i1mEleftXirightsum_i1mmui
Eleftleftsum_i1mXisum_i1mmuirightleftsum_j1nYjsum_j1nUjrightrightEleftleftsum_i1mleftXimuirightrightleftsum_j1nleftYjujrightrightrightEleftsum_i1msum_j1nleftXimuirightleftYjnujrightrightsum_i1msum_j1nEleftleftXimuirightleftYjnujrightright

sum_i1maisum_j1nbjRightarrowsum_i1msum_j1naibj
maynothaveLeftarrow

EleftXiright

EleftYjrightsum_i1msum_j1ncovleftXiYjright
n



covariancecan
benegative

Proposition vavleftsum_i1nXirightsum_i1nVarleftXiright2sum_ijcovleftXiXjright
i 1sum_jncovleftXiXjright

In particular varleftXYrightvavleftXrightvavleftYright2covleftXYright
varleftXYrightvarleftXleftYrightright

varleftXrightvavleftYright2covleftXYright
varleftXrightleft1right2 var leftYrightleft1right2 cov leftXYright

vavleftXrightvavleftYright2covleftXYright
Also if Xi 1 Xjforallij pairwise independent
Then

vavleftsum_i1nXirightsum_i1nVarleftXiright2sum_ijcovleftXiXjright0
covleftHWrightCorrelation coefficient scalefreeversionof Covariance
covleft2HWright2covleftHWright

DEF Thecorrelation coefficient between X andY is denotedby rholeftXYright
and is givenby

PleftXYrightfraccovleftXYrightsqrtvavleftXrightVvarleftYright
rho

we can show that
PleftXYrightinleft11right

pleftaXYrightfracacsqrta2va rbeginmatrixovleftXYrightleftXrightsqrtvavleftYrightendmatrix


